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Abstract

In recent articles an extension of the exponential function including one or several parameters have been
exploited to introduce generalized forms of linear dynamical systems, including population dynamics
models, and some graphical curves and Chebyshev functions. In this article, by means of the Blissard
problem we define the reciprocal of parametric or fractional parametric-type exponentials in order to
define new-type Laplace transforms. Some examples are shown, derived by the second author using the
computer algebra system Mathematica®.
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1. Introduction

It is well known that the exponential function behaves as an eigenfunction of the differentiation operator,
since

DeCZ —c eC(I)

(where z is a real or complex variable, D := d/dz, and c is real or complex number). Likewise the
Laguerre-type exponential

oo k
ei(x) := Z (ZW (1)

k=0
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is an eigenfunction of the so called Laguerre derivative,
D :=DzD =D+ D?,
since
Dy ei(cx) = cei(cx).

The above result has been extended as follows [1]-[8].

Consider the differential operator, containing n + 1 derivatives

D(-1yr = Dz---DzDaD

D (xD + 22 D? 4+ x'ﬂlenfl)
= S(nm, 1)D+S(n,2)$D2_;'_..._A'_S(n’n)x’nlen’

where S(n, k), (k=1,2,...,n), are the Stirling numbers of the second kind, and the function

e k

en(z) = Z (k,§7n+1

k=0 :

We have proven in [1] that the function e, (cz) is an eigenfunction of the operator D, 1, that is

D1 en(cx) = cen(cx).

Remark 1. For completeness, we recall that the operators Dy = DzD and its iterates as D, =
DxzDxDzx--- DxD can be considered as particular cases of the hyper-Bessel differential operators when
ap = a1 = -+ = an = 1 (the special case considered in operational calculus by Ditkin and Prudnikov

[9]). In general, the Bessel-type differential operators of arbitrary order n were introduced by Dimovski, in
1966 [10] and later called by Kiryakova hyper-Bessel operators, because are closely related to their eigen-
functions, called hyper-Bessel by Delerue [11], in 1953. These operators were studied in 1994 by Virginia
Kiryakova in her book [2], Ch. 3.

2. The Parametric Case
In a preceding article [1], we have proven the result

Theorem 1. The function of the complex variable x

o0 xk
61,m($) = ’;) m ) (2)

(where m 1s a positive integer number) is an eigenfunction of the operator
DxD +mD, (3)
since for every real or complex constant c, we find

(DxD 4+ mD)ei,m(cx) =cer,m(cx).

Proof. In fact

DaD D oo Ck .’Bk D s Ck—l xk—l o ck:—l il'k:_l
(DzD +m )];k!(ker)! = Ikz_:l(kfl)!(k+m)!+mkz_:1(k71)!(k+m)!
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Doo Ckl,k+1 e CkIL’k
= I;k!(k+m+1)!+m;k!(k+m+1)!
oo k k o0 k _k
cC T cC T
= 1)—2©2r __cLr
CLZO(’“* )k!(k+m+1)!+m];k!(k+m+1)!

k .k e

cC T ckxk

k=

o

d

2.1. The fractional case

¢ D _(k+m 1) e :cl;)k!(k—&-m)! :

91

For any real number a > 0, the fractional derivative of powers, according the FEuler definition, falling as a

special case in the definition of fractional derivative introduced by Caputo, writes

P(n+1) n—a

ml’ y if n>|—06—|—1,

Dyz" =

0, if n=0,1,...,[a] -1,

where n > 0 and [«] denotes the ceiling function, that is the smallest integer greater than or equal to «.

If ¢ is a constant then DSc = 0.

Remark 2. We recall that the Caputo derivative is defined as

1 x f(m)(T) . . '
a—m T, W :[a]71fa¢N
Dy f(x) = [(m—a) /a (x — 7)a—mt1

f(o‘)(av)7 if aeN,

and reduces to the preceding equation when a = 0 and f(z) = z".

The fractional exponential function (depending on «) is defined as

Bxpa () =14 by
Pl = 2T Pa+1) " T(2a+1) T(na+1)

It is an eigenfunction of the operator DY, since it results
D3 Exp,, (zt) = t“ Exp, (zt) .

More generally, we can consider the fractional parametric-type exponential function defined as

o0 ko
X
E -
XPam () kZ::O Tlka+ 1 Tka +m+1]’

and the operator
D¢ z*Dg +m DS,
for which it results

(Dz 2% Dg +m DY) [Exp,, ,, (tz)] = t* [Exp,, ,, (tz)] .

The purpose of this article is to introduce some generalized types of the Laplace transform including an
integer parameter m > 0, and the operator Dy ., = DxD + mD in Theorem 2.1, or its fractional version

in equation (5).
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We use an expansion of the type

with real or complex ag(m) coefficients, converging in all plane and satisfying the eigenvalue property
Dam g(cw,m) = A(c) g(z,m),

with respect to the operator (3) or (5).

In what follows we use the compact notation for the coefficients of the g(x,m) expansion, letting a, :=
{ak,m},(k=0,1,2,...), a sequence which identifies the function g(z, m).

After constructing the reciprocal [g(x, m)]™! of the considered expansion, we substitute this reciprocal
function in the place of exp(—zs) in the Laplace transformation.

So we get the new Laplace-type transform

+oo 1
Lotem(f) = / lg(as, m)] " £(2) dz = Fy gy (s) -

In the one parameter case, we construct the reciprocal of the functions in (2) and (4).

An analogous result could be obtained in the multi-parameter case, but the relevant equations are more
involved.

We exploit the reciprocal of these unusual exponentials, obtained using an extension of the Blissard
problem, to construct generalized forms of the Laplace transform.

In all cases a generalized type of Laplace transform can be defined, and some numerical check is performed
using the computer algebra program Mathematica®.

3. The Reciprocal of a Power Series

It is well known that, using the Blissard problem [13], the coefficients of the reciprocal of a power series
are expressed in terms of Bell polynomials.

3.1. The reciprocal of the parametric-type exponential (2).

Given the sequence a := {ax} = (ag, a1, a2,as,...), we consider the function

1
; 5 (z > 0),
ap+a1z+az 5 +asgy + ...
in which we assume am := {ak,m} = {1/(k +m)!}, that is
1
(z>0). (6)

1 2 3
wi Tt T ooyt aeEmy T

When m = 0, the reciprocal of the Laguerre-type exponential function (1) is recovered.

Note that the functions (6) are complete monotonic functions decreasing from the initial value 1, at x = 0,
and vanishing at infinity.
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Therefore, using the umbral formalism (that is, letting ag,m = a®™ and bie,m = bk’m)7 and exploting the
Blissard problem [13], from the equation

ei,mlam(sz)] el mbm(sz)] =1,

in which the coefficieents are depending on a given real or complex variable s, we find

bkmsm
= Z :
Zakmsx k=0

k=0

so that we introduce the definition

Definition 1. The parametric Laguerre-type Laplace transform, where the ay », are chosen according to
equation (6), is defined as

oo o k:
Z ] e

where the by ., coeflicients are given by

bo,m = ml,
(M
brm = Yn (=11 gy 2 s =3 @y -+ (= 1)k, m), (Vn > 0),
and Y}, is the nth Bell polynomial [13].
Using the Faa di Bruno formula, the second equation in (7), Vn > 0, writes
(n 4+ m)! < ko — (k1) 1! 2! (n—k+1)!
brm = ———— —1)" k! B, , ey ,
’ n! kz:%( )Tk ag T +m) 2+ m)! (n—k+1+m)!
where B, are partial Bell polynomials [12, 13].
3.2. The reciprocal of the fractional parametric-type exponential (4).
We consider the function
1
ma 2a 3a (33 2 0)7
ao,m + al,mm + a2,mm + a3,mm +
assuming am := {ak,m} = {1/T'(ka+ m + 1)}, that is
1
e} x2a :EBQ ('T 2 0)7

1
D) T IFla+)T(a+m+1) + I'2a+1)T(2a+m+1) + I'Ba+ 1T Ba+m+1) +
the solution of the umbral equation

Expmm[am(s z)] Expmm[bm(s z) =1,
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in terms of the unknown sequence {bn,m}, using the Blissard problem and Bell’s polynomials, Vn > 0,
writes

bo7m = F(m —+ 1),

1 . 1 . 1 . . 1
bn,m = }/n(fl'7 T(atm+1)’ 2', T(Catm+1)’ 73'7 TBatmE1)) " ) (71)'”7“, m) 5

where Y, is the nth Bell polynomial [13].

In the particular case of the reciprocal of the Exp,,(z) function we must assume {a} =
m{l, 1,1,...} and therefore, recalling that B, x(1,1,...,1) = S, 5, that is the Stirling numbers
of the second kind, it results

—1 - > n . hf‘(ha+m+1) no
[Exp, ., (z)] " = 1+;§1( D' —Fary Bral. e
B i Zn:(_l)h I'(ha+m+1) "
B == T(m+1) "M Tna+m+1)’

where we have put Sp,0 := 1.

3.3. A fractional-type Laplace transform

Using the above definition for the reciprocal of the fractional exponential, we can introduce a fractional
version (of order a, @ > 0) of the Laplace Transform, by setting

Lom(f) = / ~ £(@) [Expo pn(s2)] " dit = Fom(s) =

[ 2, o T(ha+m+1) ™
_/0 f(z) (Z a (-1 T(m+1) Snh P(na—l—m—i—l)) o

n=0 h=0

In what follows, we make a comparison among the classical Laplace Transform of assigned functions and
the fractional order Laplace transforms of order o = 1/2 and a = 3/2.

As it is shown in the obtained results, in all cases the graphs of the modulus and argument of the ordinary
Laplace Transform lies between the corresponding graphs of the two considered fractional order Laplace
transforms. This provides a graphical evidence of the monotonicity property satisfied by the fractional
order Laplace transforms.

4. Numerical Examples
4.1. Example 1. (m=0)

Assuming m = 0, consider the fractional Laplace Transforms F; o = Fo 1,2, F32 = Fo,3/2 of the Bessel
function Jo(2v/t), compared with the classical LT F = Fo,1 of the same function.
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0.20- 7,
0.15- R
= = = |Fia(0+5i)|
IF1(0+5i)|
< |Fan(o+5i)

Fig. 1. Comparing the fractional LTs Fg 1,2, Fo,1,Fo0,3/2, of the function Jo (2V/?) - the case of the modulus,
assuming s = o + 5¢

= = - arg{Fz(0+50)}
arg{F(o+5i)}
----- arg{Fa(0+5i)}

Fig. 2. Comparing the fractional LTs Fg 12, Fo,1,Fo,3/2, of the function Jo(2v/%) - the case of the argument,
assuming s = o + 51

= = = |Fua(5+iw)|
IF1(5+iw)]
* IFaa(5+iw)|

Fig. 3. Comparing the fractional LTs Fg 1,2, Fo,1,Fo,3/2, of the function Jo(2v/t) - the case of the modulus,
assuming s =5+ fw
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0.0 \ = = - arglFip(5+iw))
\ arg(F(5+iw)}
-0.5 \ <o arg{Fap(5+iw)}

Fig. 4. Comparing the fractional LTs F¢ 1,2, Fo,1,F0,3/2, of the function Jo (2V/t) - the case of the argument,
assuming s =5+ 1w

4.2. Example 1. (m=2)

Assuming m = 2, consider the fractional Laplace Transforms Fi /o = F3 1,2, F32 = Fa,3/2 of the Bessel
function Jo(2v/t), compared with the classical LT F = Fa,1 of the same function.

08~
06

. ‘ ‘ ‘ = = Funlo+50)]
04NN S e S T IF1(45i)

\ ; ; ; o Pan(@ssil
0.2f----- e LT E e SRR promnoeeennoees
~a . —— e, [

0.0L ‘ : 1 — S ——

20 40 60 80 100

Fig. 5. Comparing the fractional LTs F3 1,2, F2,1,F2,3/2, of the function Jo(2V/t) - the case of the modulus,
assuming s = o + 5t



A Note on Fractional Parametric-Type Laplace Transforms | 97

-0.1
-0.2
y = = - arg{Fa(o+5i))
J 4 arg{F(o+5i)}
-0.3 .’I/ : ; : ; e arg{Fa(0+50)}
/ 3
/ 1
-0.4 1 1
! ‘ ‘ 3 :
20 40 60 80 100

Fig. 6. Comparing the fractional LTs F3 1 /2, F2,1,F2,3/2, of the function Jo (2V/%) - the case of the argument,
assuming s = o + 5%

061 N e T —
; ; ; ) ; - = - Fra(5eic)
0.4 : - Van N e : F(5+iw)]
{ / ‘ \\ L . ‘ ..... Iﬁm(.’niw)l
e s ‘ .l
7 ! N
0.2F-- - * s > + ~
: ' - ' N
- | ‘ S~
60 -4 20 0 20 40 60

Fig. 7. Comparing the fractional LTs F5 1 /2, F2,1, F2,3/2, of the function Jo (2V/1) - the case of the modulus,
assuming s =5 4+ tw

arg{Fyz(5+iw)}
arg{F;(5+iw)}
arg{Fyp(5+iw)}

Fig. 8. Comparing the fractional LTs Fs 12, F2,1, F2,3/2, of the function Jo(2v/%) - the case of the argument,
assuming s =5+ fw
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4.3. Example 2. (m=0)

Assuming m = 0, consider the fractional Laplace Transforms F; /o = Fy,1/2, F3/2 = Fo,3/2 of the function
exp(int), compared with the classical LT F = Fo 1 of the same function.

= — - arg{Fya(0-i)}
arg(F;(o-i)}
<+ arg{Fap(o-i)}

20 40 “s0 80 100

Fig. 9. Comparing the fractional LTs Fq 1,2, Fo,1,Fo0,3/2, of the function exp(int) - the case of the modulus,
assuming s = o — ¢

= = - arg{Fya(0-i}
arg{F1(o-i)}
-+ arg{Fap(o-i)}

20 40 60 80 100

Fig. 10. Comparing the fractional LTs Fo 1,2, Fo,1,Fo0,3/2, of the function exp(int) - the case of the argument,
assuming s = o — ¢
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05
04
;
03 y - = Fuplsia)]
. |F1(2+iw)]
0.2 : : g : e Eyp(2tio)]
: YA N e >
) s f N
0.4 ‘ L S
adt | i ~
----- - : ~<
e ——— ] -
0.0 1 i ; ‘ :
-30 -20 -10 0 10 20 30
w

Fig. 11. Comparing the fractional LTs Fo 1,2, Fo,1,F0,3/2, of the function exp(int) - the case of the modulus,
assuming s = 2 4+ tw

= = - arg{Fip(2+iw)}
arg{F(2+iw)}

< arg{Fap(2+iw)}

-30 20 0 o 10 20 30

Fig. 12. Comparing the fractional LTs Fo 1,2, Fo,1,F0,3/2, of the function exp(int) - the case of the argument,
assuming s = 2+ fw

4.4. Example 2. (m=2)

Assuming m = 2, consider the fractional Laplace Transforms Fi /o = F5 1/2, F3/2 = F2,3/2 of the function
exp(imt), compared with the classical LT F = F»,1 of the same function.
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. Hii
05
04 |
\ L | == o=l
037 R ; | R
\\ | | | (o)
0.2 < ' . ‘
TN L.
) ~S o . Tt
0.1 : S O
20 4 e 80 100

Fig. 138. Comparing the fractional LTs F3 1,2, F2,1,F2,3/2, of the function exp(int) - the case of the modulus,
assuming s = o — ¢

- arg{Fip(o-i}
arg{F:(0-i)}
arg{Faq(o-i)}

Fig. 14. Comparing the fractional LTs F3 1,2, F2,1,F2, 3,2, of the function exp(int) - the case of the argument,
assuming s =0 — ¢

200 | | . T
1.5 P

10 ; oz . - = - Fp2+iw)]

1Fy(2+iw)|

----- 1Faa(2+iw)|

Fig. 15. Comparing the fractional LTs F3 1,2, F2,1, F2,3/2, of the function exp(int) - the case of the modulus,
assuming s =2+ tw
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T ——
1.5 m————— i g w2
=
SN\
1.0 3\ :.
PN\
W\
05 AN\
= = - arg{Fi(2+iw)}
0.0 arg{Fy(2+iw)}
""" arg{Fyp(2+iw)}
-0.5
O
-30 -20 -10 0 10 20 30
w

Fig. 16. Comparing the fractional LTs F3 1,2, F2,1,F2, 3,2, of the function exp(int) - the case of the argument,
assuming s = 2 4+ iw

4.5. Example 3. (m=0)

Assuming m = 0, consider the fractional Laplace Transforms F) 5 = Fy,1/2, F3/2 = Fo,3/2 of the function
exp(—v/t)/V/t, compared with the classical LT F = Fo,1 of the same function.

0.8
0.7!
0.6-

== Fo-il

IF4(o-i)|

----- 1Fa(a-i)l

Fig. 17. Comparing the fractional LTs Fg 1,2, Fo,1,Fo,3/2, of the function exp(—+v/t)/v/t - the case of the
modulus, assuming s = o — ¢
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= = - arg{Fix(0-i)
arg{Fs(o-i)}
++ arg{Fan(o-i)}

Fig. 18. Comparing the fractional LTs Fy 1,2, Fo,1,F0,3,2, of the function exp(—v/t)/+/t - the case of the
argument, assuming s = o — ¢

1.0-
0.8~
. A . ' = =« |Fip(2+iw)]
067 i~ 7N\ te-; 1 1 (2+iw)]
- / \ ey e Fsasi)
Foas® 7/ N : 1
0.4+ ¢ e : N *
e P :
_—-rT S~
020, . H L " =]
-30 -20 -10 0 10 20 30

Fig. 19. Comparing the fractional LTs Fy 1,2, Fo,1,Fo,3/2, of the function exp(—v/t)/+/t - the case of the
modulus, assuming s = 2 4+ iw

0.6
0.4 W

0.2 : \
0.0 | == - arglFun(2riv))
arg{Fy(2+iw)}

< arg(Fyn(2+iw))

-30 -20 -10 0 10 20 30

Fig. 20. Comparing the fractional LTs Fy 1,2, Fo,1,F0,3,2, of the function exp(—v/t)/+/t - the case of the
argument, assuming s = 2 + tw
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4.6. Example 3. (m=2)

Assuming m = 2, consider the fractional Laplace Transforms Fi /o = F5 1/2, F3/2 = F2,3/2 of the function
exp(—v/t)/V/t, compared with the classical LT F = Fa,1 of the same function.

200

1.5 ‘ ;
\ ce, : = = - |Fyalo-il
: \ : e |E1(o-i)l
100> g bR < Faalo-il
SO eSS e |
T~ TT— e,
] ~ il LY
| 1 =~ — I
0.5- S e
20 40 60 80 100

Fig. 21. Comparing the fractional LTs F3 1 /2, F2,1,F2,3/2, of the function exp(—v/t)/V/t - the case of the
modulus, assuming s =0 — 1@

1= = - argiFin(o-i)
arg{F+(o-i)}
+ arg{Fan(o-i}

20 40 60 80 100

Fig. 22. Comparing the fractional LTs Fs 1,2, F2,1, F2 3,2, of the function exp(—+v/t)/v/t - the case of the
argument, assuming s = o — ¢
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25- : : A ]
2.0- - i
n ‘. 1 == i)
/7 \ ‘ o 1 |F1(2+iw)]
1.5 Y 7 \ : el 1 = )
| ‘ 1Fsa(2+i)]
L/ : \
1 : N
P \ h
1.0~ - ' i ]
. \ 1 ~
[==— : S~
-30 -20 -10 0 10 20 30

Fig. 23. Comparing the fractional LTs F 1,2, Fa,1, F2,3,2, of the function exp(—v/t)/+/t - the case of the
modulus, assuming s = 2 + iw

arg{F2(2+iw))
‘ ‘ A\ arg(F (2+iw))
-0.2- ! \ " i ] arg{F(2+iw))
| | N
-04 - N
i NN,
! S,
=0.6F- - R B = e
-30 -20 -10 0 10 20 30

Fig. 24. Comparing the fractional LTs F53 1,2, F2,1,F2,3/2, of the function exp(—sqrtt/t) - the case of the
argument, assuming s = 2 4+ tw

Remark 3. Many other tests have been performed, by the second author, using the same procedure,
including the functions e’ I'(t), exp(t?), Sinc(t), J1(t)/t, cos(t?), setting the parameter m = 0,1,2. The
relevant graphs are available at his email address.

5. Conclusion

We have shown that, using the parametric Laguerre-type exponentials and their fractional versions, it
is possible to define Laguerre-type parameric forms of the classical Laplace transform. We have used a
general result to construct the reciprocals of some exponential-type functions, and we have used these
reciprocals in place of the kernel of the usual Laplace transform.

Several worked examples of the new transformations, computed using the computer algebra system
Mathematica® have been reported in the preceding Sections.

The introduced transformations could be used in the framework of fractional differential equations or in
that of the Laguerre-type ones.
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