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Abstract

In this paper, we introduce probabilistic extensions of polyexponential-Frobenius-Genocchi polynomials.
By making use of their generating functions, we derive new and interesting identities among aforemen-
tioned polynomials and probabilistic Frobenius-Euler polynomials, the Stirling numbers of the first and
second kind, probabilistic Frobenius-Genocchi polynomials, Bernoulli polynomials of the second kinds,
Daehee polynomials, polyexponential probabilistic Bernoulli and polyexponential probabilistic Genocchi
polynomials. In special cases, the obtained results reduce to the classical ones. Additionally, by picking
suitable random variables, we also obtain new relations involving the Stirling numbers of the first and
second kinds, and the Frobenius-Euler numbers.

Key Words: Moment generating function, Probabilisitic  Frobenius-Genocchi  polynomials,
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AMS 2020 Classification: 11B73, 11B83, 05D40.

1. Introduction

Special functions and polynomials commonly arise as solutions to both ordinary and partial differential
equations. Their significant importance are widely used in areas such as approximation theory, probability
and statistics theory, analytic number theory, p-adic analysis, quantum analysis and numerical analysis.
Many researchers have investigated the various properties and relations of special functions and polyno-
mials.

In [1], Kim and Kim introduced polyexponential functions as an inverse to the polylogarithm functions,
and constructed type 2 poly-Bernoulli polynomials, and then they derived various properties of type 2 poly-
Bernoulli numbers. In [2], Araci introduced partially degenerate polyexponential-Bernoulli polynomials of
the second kind. He also derived some identities for these polynomials including type 2-Euler polynomials
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and Stirling numbers of the first kind via generating function techniques and analytical means, and repre-
sented Gaussian integral representation of polyexponential-Bernoulli polynomials of the second kind. In
[3], Khan et al. studied the degenerate polyexponential-Genocchi polynomials and numbers arising from
the polyexponential function and derived their explicit expressions and some identities involving them.
In [4], Corcino et al. introduced a class of polynomials called type 2 poly-Frobenius-Euler polynomials,
and defined using the polyexponential function, and explored explicit expressions and identities for these
polynomials. In [5], Duran et al. considered and investigated a new class of the Frobenius—Genocchi poly-
nomials associated with its identities by means of the polyexponential function. In [6], Kim et al. studied
the degenerate poly-Bernoulli polynomials and numbers arising from polyexponential functions, and deri-
ved their explicit expressions and some identities involving them. In [8], Lee introduced degenerate poly
r-Stirling numbers of the second kind and poly r-Bell polynomials by using degenerate polyexponential
function and investigate some properties of these numbers and polynomials. In [9], Araci considered a new
class of generating functions of type 2-Bernoulli polynomials. He gave some identities for these polyno-
mials including type 2-Euler polynomials and Stirling numbers of the second kind. In [11], Ma and Lim
also studied the poly-Bernoulli numbers of the second kind, which are defined by using polyexponential
functions introduced by Kim and Kim [1]. In the year 2019, Adell and Leukona [12] introduced a new
generalization of the Stirling numbers of the second kind, associated with each complex-valued random
variable satisfying appropriate integrability conditions. Then, in [13], Adell produced the applications for
probabilistic Stirling numbers of the second kind associated with Y. Motivated by the aforementioned
Adell’s works, in [14], Kim and Kim studied probabilistic Bernoulli polynomials of order r associated with
Y and probabilistic multi-poly-Bernoulli polynomials associated with Y. They had respectively probabili-
stic extensions of Bernoulli polynomials of order r» and multi-poly-Bernoulli polynomials. They also found
explicit expressions, certain related identities and some properties for them and treat the special cases of
Poisson, Gamma and Bernoulli random variables. In [15], Karagenc et al. introduced probabilistic Bern-
stein polynomials and have derived new and interesting correlations among various special functions and
special number sequences, such as Euler polynomials, higher-order Bernoulli polynomials, higher-order
Frobenius-Euler polynomials, Stirling numbers of the second kind, and Bell polynomials. In [18], Karagenc
et al. introduced probabilistic extensions of poly-Frobenius-Genocchi polynomials and modified probabi-
listic Genocchi-polynomials. By making use of their generating functions, they derived explicit identities
and a symmetric relation. For more information on probabilistic special functions and polynomials, we
refer the readers to look at [7, 17, 20].

We now begin with the following notations:

N:={1,2,3,..},No := {0,1,2,3,...} = NU {0}

Also, as usual Z, Q, R" will, respectively, be denoted integers, rational numbers, and positive real numbers.
Let Y be chosen as a random variable satisfying the moment conditions by

tI"E[|Y|"
E[lY]"] < oo and lim w =0,(|t| <r;r>0)
n— oo .

where E means mathematical expectation. From here, one may write that

n

E [e”] - f: By (|t| <rre R*)
n=0 ’

or equivalently,
E[[Y]"] < oo, (|t| <rre ]RJF) .

{Y; }?:1 is a sequence of mutually independent copies of the Y with S, = Y1 + Y2 + ... + Y%, (k € N) with
So = 0. (see [13], [15]).
Several distributions that will be used in deriving the results of this paper are given below:

1.  Poisson distribution. Y ~ Poisson(a) with the parameter « yielding moment generating function
(mgf) as

E [ety] _ ea(eL—l). (1)
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2. Gamma distribution. Let Y ~ I'(1,1) be random variable with mgf as

E [e”] - %_t t< 1. (2)

3. Exponential distribution. Let Y ~ E(«) be random variable with mgf as

E[ety]: ! ,0<a;t<l.
1—oat o
(see [13],[15]).
We now reminder polyexponential functions Eiy, (¢), Frobenius-Genocchi polynomials GZ (z, ), Frobenius-
Euler polynomials Hy, (z, ), Bernoulli polynomials of the second kind by, (z), Stirling numbers of the first
kind Si (n, k), Stirling numbers of the second kind Sz (n,k) and Daehee polynomials Dy (x). Also we
recall the probabilistic Frobenius-Euler polynomials H,Y (z,u), probabilistic Frobenius-Genocchi polyno-

mials G (

T, u).
In [1], [6], it is well known that the polyexponential function is defined by

n

Elk Zﬁ,(kEZ)

(n—1

for k =1, Eii(z) = €® — 1, and has the following derivative property:

f'@)
f®)

In [10], [16], Frobenius-Euler polynomials are defined as

Snin (1) = Lm0,

1_ue”tZZH (mu); (ueC—{1}).

et —u

In [5], [18], Frobenius-Genocchi polynomials GE (x,u) are given by
(1 _ u zt F
Z G, (z,u) (u eC—-{1}),

and

G5+1 (.’E, u)
n-+1
In [12], the Stirling numbers of the first kind, S (n,

k),
function:
(log i
=k
k),

In [12], the Stirling numbers of the second kind, S1 (n,
function:

- 1 e

Gt Z S (n. k) 1y

In [19], Daehee polynomials, D, (z), are defined by means of the following generating function:

= Hy (z,u).

are defined by means of the following generating

n

are defined by means of the following generating

WQ 0" =3 Dala)
n=0

n!’
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In [9], Bernoulli polynomials of the second kind, (or the Cauchy polynomials) are given by the generating
function to be

t e e t"
g DT = L ey

Throughout of this paper, we will assume as follows: If 1 + ¢ becomes a complex number, the value of
log(1 +t) is then defined by
log(1+t) =log |1+ t| +iarg(l+1), (3)

where

1. log|l+t| is the real-valued logarithm of the modulus |1 + ¢|.
2. arg(l+1t) is the angle of 1 + ¢, typically restricted to the principal branch (—,7].

In [17], probabilistic Frobenius-Euler polynomials and probabilistic Frobenius-Genocchi polynomials
subject to a random variable Y are known as, respectively:

s (B []) - S
and - .
s 2 (B[7]) = S o el

where (u € C — {1}). In the case when Y = 1, HY (z)=H, (x) and G\ ()=Gnr (x) turn out to be well
known (classical or ordinary) Frobenius-Euler and Frobenius-Genocchi polynomials. Also, at the value
of £ =0, HY (0) = HY and G%F’Y) (0) = GY are called the probabilistic Frobenius-Euler numbers and
probabilistic Frobenius-Genocchi numbers.

The probabilistic polyexponential Bernoulli polynomials and probabilistic polyexponential Genocchi
polynomials subject to a random variable Y can be expressed as, respectively:

> B @)ty = PRl (e, (W
n=0

and

;g’gk’y)("”)f; = e "

In the next section, we introduce the generating function for the probabilistic polyexponential-
Frobenius-Genocchi polynomials. Utilizing this generating function, we derive explicit identities. Furth-
ermore, by selecting appropriate random variables, we establish connections between the aforementioned
polynomial and other special functions and polynomials.

2. Introducing Probabilistic Polyexponential-Frobenius-Genocchi Polynomials
With Their Certain Identities

We are now in a position to state the following theorem, which serves as the main definition of this paper
for deriving new identities, relations, and properties.

Definition 1. Let Y be a random variable and k € Z,u € C,u # 1. The probabilistic polyexponential-
Frobenius-Genocchi polynomials Qflk’y) (z,u) associated with Y are defined by

>0 G (00 & = U= 0084 0) e )
n=0

For x = 0, lek’y) 0,u) := lek’y) (u) are called probabilistic polyexponential-Frobenius-Genocchi numbers.
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Remark 1. In the case when, k = 1, Q;l’y)(x, u) = QgLF’Y)(a:, u) turns out to be probabilistic Frobenius-
Genocchi polynomials.

Remark 2. In the case when, ¥ = 1, Q;k’l)(a:,u) := G¥(x,u) gives the polyexponential-Frobenius-
Genocchi polynomials.

Remark 3. In the case when, ¥ = 1,k = 1, Q%l’l)(m,u) := G, (z,u) becomes Frobenius-Genocchi
polynomials.

Theorem 1. The probabilistic polyerponential-Frobenius-Genocchi numbers associated with Y can be

expressed as
. +1 Si(i+1,m+1)
G(k Y) " n i 7 :
o zgmzo 41 ) Hle ) =y

Proof. Since

S G0 (g U = (L WBik(log(L+1) vy
ZQ n! - EletY] —u (Bl ])
_(1-u) - (log(1 +t))
o EetY |—u mzz:l m—1) 'm’C
S t" o= (log(1 4 t))™*?
= H
nz;; n' mZ:O m+ 1)l(m+ 1)k-1
D L = m+1 S Su(mom+ )5
n=0 m:0 n=m+1
%) tn o5} n Sl(n m+1) t(n+1)
= H’}L/ ’ 0 ’
RZ;; (@ w0 ;W;O (m+1)F1 (n+1)!
o \isomo \it1 e (m+ 1)kt (n+1)!

Thus, by comparing the coefficients % on both sides of the above, we arrive at the desired result. [

Theorem 2. LetY be a random variable. Then we have the explicit identity:

n+1 n n—i Y
Z (k,Y) ZZ n+1 Sgn—zm)H (u)

m=0 =0 m=0

Proof. Since

o)

t" (1 —u)Eig(log(1l+1))
GEY) () =
Z G W) n! EletY] —u ’
n=0
and replacing ¢ by ¢ — 1 in (5) in this case, we obtain
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= Z Z G, (u)S2(n,m) ok
n=0 \m=0
Then, we get

(1 —w)Eig(log(1+e* —1)) (1 —u)Eig(t)

E[e(etfl)Y] —u - E[e(etfl)Y] —u
_ (1—w) i t”+1
= E[e(et 1)Y —u = n + 1 n + 1)k—1

(et _ 1)m et tn+1
(”)m!> <nzo (n+ Dl(n+ 1)k-1>
> HLw) > Siln m)tn> (i o >
™ 2T (n+1D!(n+1)k-1

n=0

e tn+1
" (nt1) S (n —i,m)HY, (u) tn
Zz<i+1> - (t+1)k-1 >(n—|—1)!'

Il
N N
gk
Sm*<

Il
N
M]3
M:
N2
>
3
m
>-<

Therefore, equating the coefficients of % on both sides yields the desired result. [

Theorem 3. Let Y be a random variable. Then the following equality holds true:

G (@, u) = G (2, w).

Proof. By (5) for k = 1, we have

36Ty = (ol D) gy

= grov o Bl D"

Thus by comparing coefficients % on both sides of the above, we arrive at the desired result.
a

Let us now consider the following expression:

oo

d d log (1+2)
d—Elk(log(l + ) =0 z:: 'n’“

1 = (log(14 z))™
(1 + z)log(l + x) Z (n+ Dnlk —1)
_ 1
(14 x)log(l+ =)

Eig—1(log(1 + z)),

49
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and we easily derive that

* 1
Ei (log(1 = Eip_1(log(1l +¢1))dt
in(log(1 +2)) = | o Bk log(1 + )t
x t1
= Eir_o(log(1 + t2))dtadt
/(1+t1 Ylog(1 + t1) / 1+t log I 2(log(1 + 12))dtzdty
0
T tr—2 E—1
_/ / / ] I7
(1 +t1 log 1+t1 1+t2 log 1 +t2) (1+tk,1)10g(1+tk,1) ey v
0 0 0 =

(7)

From (7), we state the following theorem.

Theorem 4. Let Y be a random variable, then we have the explicit identity:

" fn+1
G5L2+}1’)(g;,u) = Z (Z . 1>bi(—1)H;{i(x,u).
i=0

Proof. By (5) for k =2, (6) and (7), we have
ZG@ N, = & _Ei?e)tﬁ[—u / 4 Fiz(08(1 + y))dy

_ Y ﬁ t; 1
=S m @ [ ey P e + )y

0 tn t y
=N " H (zu)— | ———L——d
; (@ u)n! /0 (1+y)log(l+y) Y

S e S [
—gﬂmmn!z o, v

s
nl

By comparing the coefficients of %; on both sides, we obtain the desired identity. O

The following theorem forms of the product of probabilistic Frobenius-Euler polynomials and
polyexponential probabilistic Bernoulli polynomials.

Theorem 5. Let Y be a random variable, we get

(3

A =y (”) (H—s(tw) = () B (@),
i=0
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Proof. Since

i:: a®Y) ¢ %"' _ - u%iitky(]b_g(i +0) (g
- b EikE([ﬁ%(]lj f)) (Bl )"
R z B
“E@:;E[fu S B~ gl LB
_ i Y Z BEY) (g i HY (u i ;’“”(I)Z'
= = '
”) iﬂzz(l,uwﬁ’mm) L - 2 ((“) éﬂm \BE( )) a

Thus by comparing coefficients n—n, on both sides of the above, we arrive at the desired result.
O

The following theorem includes the product of probabilistic Frobenius-Euler polynomials and probabi-
listic polyexponential Genocchi polynomials.

Theorem 6. Let Y be a random variable, then we have the explicit identity:

n (k,Y)
G*Y) (2, u) = Z (?) QZT(J:) (H};i(l,u) + HL-(u)) :

=0

Proof. We have

3G (o By = Lol ) ey

_ (L= w)(E[™] +1) 2Eix(log(1 + 1))

SE] ) B 41 D

_ 0o D) $ g )

2B —u) 2

Il
N NI
§m~<
=
3]s
N—"

g
9 0
= 2 n!



52 | A. Karageng, M. Acikgdz & S. Araci

- i (Zn: < )g(’“ ) () (H}l,i(Lu)-l-H}:i(U))) %7:

=0

By comparing the coefficients of tn—n, on both sides, we obtain the desired identity. O

The following theorem forms of the triple summations for the products of probabilistic Frobenius-Euler
polynomials, Stirling numbers of first kind and Daehee polynomials.

Theorem 7. Let Y be a random variable, we get

H;/_l(m, u)S1 (%, m)Dp—j
(m+ DF '

S ) (g E (=0 vy g (log(L+6)™
nzzjogn (@u) o7 = gy = Bl ) mzzjl oy
_ — v " - 1 (log(1 +¢))™ log(1 + ¢)
=2 Hi () (m + 1)k m P
n=0 m=0
S et S LS g S
n bl TL' ( + 1)k ) n' n |
n=0 m=0 = n=0
_Z n(m,U)ﬁZ Z m+ D)F 1(n,m) —'Z n—
n=0 n=0 =0 n=0
oo n 1 n 1 v , tn oo tn+1
> (] Hn_m,u)sm,m))  $ ot 1D,
n=0 <i0 m=0 ) (m+ 1)* n! e~ (n+1)!

S (e (gt \ o et ey
=2 (ZZZ () 1 i@ w$1m)Dn—; | o e

= (s () HY (@ w)Silim)Day | e+
=2 X2 <]) (m+ 1)F (n 1t

Thus by comparing coefficients £ on both sides of the above, we arrive at the desired result.

n!
O
We first consider the following expression:

(log(1 +1))™
« (m —1)lm*

I t"
mk—1 Z Sl(nvm)ﬁ
| !

<n+1 Si(n+1, m)> gt
0

K

Eix(log(1l +¢)) =

m

qu

3
I

E‘qg

mk=1(n+1) ) nl!
n
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Thus, we state the following theorem.
Theorem 8. Let Y be a random variable, then we get

n 1+1 .
(k¥ ( GEY) Si(i+1,m)
et =3 5% (1) e SR

=0 m=1

Proof. We have

Z G(’“ V) ( L' _ %Elk(log(l +1))

_ (- Bl 5 (i Si(n+ Lm)) "

Y] _ k—1 1
Ele™]—u =\ &~ m" 1 (n+1) ) nl

M

n oo n+1 n
(F,Y) L Si(n+1,m) L
Gy, (m,U)n! 1;) <Z mFI(n+1) ) nl

m=1

n it .
(Fy) S1(Z+ l,m) t"
5 (EE (erremnts) v

n=0

HPH18

Thus by comparing coefficients n—n, on both sides of the above, we arrive at the desired result.
O

By employing suitable random variables, we obtain new relations, formulae and identities involving the
Stirling numbers of the first and second kinds, and the Frobenius-Euler numbers which we stated in the
next section.

3. Applications

The following theorem consists of the product of Frobenius-Euler polynomials and Stirling numbers of first
and second kind.

Theorem 9. Let Y ~ Poisson(a), we get
kY "N (el Hj(u) ; . )
Qiﬂ’(“):ZZ > <z’+1>(rn+J1)k+1aJ52(n—w)Sl(Z+1am+1)~

Proof. By (1) and (5) we have

oo

St D2 U2 g 10g(141))
= n! eale’=1) _ 4

_ s _ j (et — 1) > (log(1 +t))™™*
_ZHJ(U)O‘ - mZ::O (m+ 1)!(m + 1)F—1

= ZHj(U)ajZSQ(n,j)% (Zwll)lﬂl Z S1(n, m-i—l)n'>

m=0 n=m-+1
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> t" o~ o S n+1 m+1) "
(u)a’ Sa(n, J) (Z DEFT (n+ 1)

Il

(]
™
g

n=0 m=0

Il

& (nt1) Hiw) e T
Zmz; <¢+1>(m+1)k+1a52(” 55)S1+1,m+1) (n+ 1)

By comparing coefficients & —1 on both sides of the above, we arrive at the desired result.
O

The following theorem forms of the triple summations for the products of Frobenius-Euler polynomials
and Stirling numbers of the first kind.

Theorem 10. Let Y ~T'(1,1), we get
ey n n—i i+1 n+ 1 (_l)n_,H_j
e =3"3" 3" ( )Hj<u)sl<n—i,j)sl(i+ 1,m).

mb—1

Proof. By (2) and (5) we have

S G (@) = U g g1 41
n=0 : 1—t

Q

G5y &= (m— D)lmF

=" Hj(u) (1) (bg(lj!—t))J S mkl_l 3 Sl(n,m)tni!

7j=0 m=1 n=m

> j > " (s n+1,m gt
:];)H](u)(_l) ng](_l) Sl(nvj)i"’;) (m:1 1(m1€,1 )) (7’L+1)'

> - ntj > Sin+1,m gntt
:g ;( 1) H;(u)S1(n, ) !n;)(m:l (mk_l )> RS

e} n n—i i+1 n+1 1 n—i+j o ) 24:17.-',-1
- z >y Z_ (i+1>(m)k_1Hj(u)Sl(nz,j)Sl(z+1,m) T

By comparing coefficients % on both sides of the above, we arrive at the desired result.
O

The following theorem involves in the triple summations for the products of Frobenius-Euler polynomials
and Stirling numbers of the first kind.

Theorem 11. Let Y ~ E(a), we have

n—1ln—1-—1t i41 n Oén_i _{\yn—1—i+j
W =3 > (Hl) c Hi()Si(n 1 =i, ))S1(i + L,m).  (8)

Proof. We omit the proof because it is same as the proof of Theorem 10. [

Remark 4. Theorem 10 is obtained as a special case of Theorem 11 in the case when o = 1.
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4. Conclusion

In the paper, we have explored a new generating function for probabilistic extensions for Frobenius-
Genocchi polynomials derived from polyexponential function as follows:

G (au) by = O AL O L0 ey

By making use of this generating function, we have also derived explicit formulae, identities and relations.
Finally, by picking suitable random variables, we have establish connections between the aforementioned
polynomial and other special functions and polynomials.
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