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Abstract

The ψ-Hilfer fractional integrals serve as a generalization encompassing well-known fractional integrals like
Riemann-Liouville and Hadamard fractional integrals. This investigation initiates by demonstrating a key
identity tied to ψ-Hilfer fractional integrals, specifically tailored for differentiable functions. Leveraging
this identity, we establish a series of Simpson-type inequalities applicable to ψ-Hilfer fractional integrals.
To achieve this, we delve into the realms of convexity and the renowned Hölder inequality. Furthermore,
we explore the correlations between our primary discoveries and preceding research endeavors.
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1. Introduction

It is well known that the considerable number of inequalities have been established in the case of convex
functions but the most famous is Simpson’s inequality. The classical Simpson’s inequality for four times
continuously differentiable functions are expressed as follows:

Theorem 1. Let us note that F : [σ, ρ]→ R is a four times continuously differentiable function on (σ, ρ),

and let us consider
∥∥∥F(4)

∥∥∥
∞

= sup
κ∈(σ,ρ)

∣∣∣F(4)(κ)
∣∣∣ <∞. Then, the following inequality holds:

∣∣∣∣16 [F (σ) + 4F
(σ + ρ

2

)
+ F (ρ)

]
− 1

ρ− σ

∫ ρ

σ

F(κ)dκ

∣∣∣∣ ≤ 1

2880

∥∥∥F(4)
∥∥∥
∞

(ρ− σ)4 .

Since the convex theory is an effective and useful way to solve a large number of problems from different
branches of mathematics, many mathematicians have investigated the Simpson-type inequalities the case
of convex function. More precisely, some inequalities of Simpson’s type for s-convex functions are establi-
shed by using differentiable functions in the paper [1]. Furthermore, the new variants of Simpson’s type
inequalities based on differentiable convex functions are established in the papers [2]. The reader is referred
to [3, 4, 5] and the references therein for more information and unexplained subjects about Simpson type
inequalities for various convex classes.
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Many mathematicians have investigated the twice differentiable convex functions for obtaining signifi-
cant inequalities. For example, Sarikaya et al. proved several Simpson-type inequalities for functions whose
second derivatives are convex in the paper [6]. In addition, some Simpson’s type inequalities are given for
functions whose absolute values of derivatives are convex in the paper [7]. Furthermore, Simpson type
inequalities are established for P -convex functions in the paper [8]. It can be referred to [9, 10, 11, 12] for
further pieces of informations and unexplained subjects about these type of inequalities including twice
differentiable functions.

Mathematical preliminaries about fractional calculus theory, which will be used throughout this paper,
will be given as follows:

Definition 1. Let us consider F ∈ L1[σ, ρ]. The Riemann–Liouville integrals Jασ+F and Jαρ−F of order
α > 0 with σ ≥ 0 are defined by

Jασ+F(κ) =
1

Γ(α)

∫ κ

σ

(κ− ζ)α−1 F(ζ)dζ, κ > σ (1)

and

Jαρ−F(κ) =
1

Γ(α)

∫ ρ

κ

(ζ − κ)α−1 F(ζ)dζ, κ < ρ, (2)

respectively. Here, Γ(α) is the Gamma function and its described as follows:

Γ(α) =

∫ ∞
0

e−uuα−1du.

Let us also note that J0
σ+F(κ) = J0

ρ−F(κ) = F(κ).

Remark 1. If we choose α = 1 in Definition 1, then the fractional integral reduces to the classical integral.

Definition 2. Let F ∈ L1[σ, ρ]. The Hadamard fractional integrals Jασ+F and Jαρ−F of order α > 0 with
σ ≥ 0 are defined by

Jασ+F(κ) =
1

Γ(α)

κ∫
σ

(
ln
κ

ζ

)α−1

F(ζ)
dζ

ζ
, κ > σ (3)

and

Jαρ−F(κ) =
1

Γ(α)

ρ∫
κ

(
ln
ζ

κ

)α−1

F(ζ)
dζ

ζ
, κ < ρ (4)

respectively.

In the paper [13], the Simpson inequalities for differentiable functions are extended to Riemann-Liouville
fractional integrals. In addition to these, several papers are focused on fractional Simpson inequalities for
fractional and various fractional integral operators [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24]. For further
information and several properties of Riemann–Liouville fractional integrals, please refer to [25, 26, 27, 28].

Theorem 2. [29] Let consider that F : [σ, ρ]→ R is a differentiable on (σ, ρ). If |F ′| is a convex function
on [σ, ρ], then the following inequalities hold:∣∣∣∣16 [F (σ) + 4F

(σ + ρ

2

)
+ F (ρ)

]
− 2α−1Γ (α+ 1)

(ρ− σ)α

[
Jασ+ρ

2
+F (ρ) + Jασ+ρ

2
−F (σ)

]∣∣∣∣
≤ ρ− σ

12

[
C2(α)

(∣∣F ′ (ρ)
∣∣+
∣∣F ′ (σ)

∣∣)+ 2C1(α)
∣∣∣F ′ (σ + ρ

2

)∣∣∣]
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≤ ρ− σ
12

(C1(α) + C2(α))
(∣∣F ′ (σ)

∣∣+
∣∣F ′ (ρ)

∣∣) ,
where

C1(α) = 2

(
1

3

) 2
α
[

1

2
− 1

α+ 2

]
+

3

α+ 2
− 1

2
,

C2(α) = 2

(
1

3

) 1
α
[
1− 1

α+ 1

]
− 2

(
1

3

) 2
α
[

1

2
− 1

α+ 2

]
+

3

(α+ 1) (α+ 2)
− 1

2
.

The definitions of the following ψ-Hilfer fractional integrals are given in [25].

Definition 3. Let ψ : [σ, ρ] → R be an monotone increasing function on (σ, ρ], having a continuous
derivative ψ′(κ) on (σ, ρ). The left-sided and right sided fractional integrals of F with respect to the
function ψ on [σ, ρ] of order α > 0 are defined by

Iασ+;ψF(κ) =
1

Γ(α)

∫ κ

σ

(ψ(κ)− ψ(ζ))α−1 ψ′(ζ)F(ζ)dζ, κ > σ (5)

and

Iαρ−;ψF(κ) =
1

Γ(α)

∫ ρ

κ

(ψ(ζ)− ψ(κ))α−1 ψ′(ζ)F(ζ)dζ, κ < ρ (6)

respectively. Here, Γ(α) is the Gamma function.

Remark 2. If we choose ψ(ζ) = ζ, then the operators (5) and (6) reduce the Riemann-Liouville fractional
operators (1) and (2), respectively.

Remark 3. If we choose ψ(ζ) = ln ζ, ζ > 0, then the operators (5) and (6) reduce the Hadamard fractional
operators (3) and (4), respectively.

2. Simpson Type Inequalities for Ψ-Hilfer Fractional Integrals

In this section we will prove some new versions of Simpson type inequalities for Ψ-Hilfer fractional integrals.
For the sake of brevity, we denote

Mα
ψ (σ, ρ) =

[
ψ
(σ + ρ

2

)
− ψ(σ)

]α
and

Nα
ψ (σ, ρ) =

[
ψ(ρ)− ψ

(σ + ρ

2

)]α
.

In particularly, let ψ(ζ) = ln ζ, ζ > 0. Then we have

Mα
ln(σ, ρ) =

[
ln
(σ + ρ

2σ

)]α
and

Nα
ln(σ, ρ) =

[
ln

(
2ρ

σ + ρ

)]α
.

Lemma 1. Assume that F : [σ, ρ]→ R is a differentiable on (σ, ρ). The we have the following identity

1

6

[
F (σ) + 4F

(σ + ρ

2

)
+ F (ρ)

]
− Γ (α+ 1)

2

[
1

Mα
ψ (σ, ρ)

Iασ+ρ
2
−;ψF (σ) +

1

Nα
ψ (σ, ρ)

Iασ+ρ
2

+;ψF (ρ)

]
(7)



4 H. Budak

=
ρ− σ

4

 1

Mα
ψ (σ, ρ)

1∫
0

∆ψ,α(ζ)F ′
(

2− ζ
2

σ +
ζ

2
ρ

)
dζ − 1

Nα
ψ (σ, ρ)

1∫
0

Λψ,α(ζ)F ′
(

2− ζ
2

ρ+
ζ

2
σ

)
dζ

 ,
where

Λψ,α(ζ) =

[
ψ (ρ)− ψ

(
2− ζ

2
ρ+

ζ

2
σ

)]α
− 1

3
Nα
ψ (σ, ρ)

and

∆ψ,α(ζ) =

[
ψ

(
2− ζ

2
σ +

ζ

2
ρ

)
− ψ (σ)

]α
− 1

3
Mα
ψ (σ, ρ).

Proof. By using integration by parts, we have

1∫
0

Λψ,α(ζ)F ′
(

2− ζ
2

ρ+
ζ

2
σ

)
dζ = − 2

ρ− σΛψ,α(ζ)F
(

2− ζ
2

ρ+
ζ

2
σ

)∣∣∣∣1
0

+ α

1∫
0

[
ψ (ρ)− ψ

(
2− ζ

2
ρ+

ζ

2
σ

)]α−1

×ψ′
(

2− ζ
2

ρ+
ζ

2
σ

)
F
(

2− ζ
2

ρ+
ζ

2
σ

)
dζ (8)

= − 2

ρ− σ

[
2

3
Nα
ψ (σ, ρ)F

(σ + ρ

2

)
+

1

3
Nα
ψ (σ, ρ)F (ρ)

]

+
2α

ρ− σ

ρ∫
σ+ρ
2

[ψ (ρ)− ψ (κ)]α−1 ψ′ (κ)F (κ) dκ

=
2Nα

ψ (σ, ρ)

ρ− σ

[
1

3
F (ρ) +

2

3
F
(σ + ρ

2

)]
+

2Γ (α+ 1)

ρ− σ Iασ+ρ
2

+;ψF (ρ) .

Similarly, we get

1∫
0

∆ψ,α(ζ)F ′
(

2− ζ
2

σ +
ζ

2
ρ

)
dζ =

2Mα
ψ (σ, ρ)

ρ− σ

[
1

3
F (σ) +

2

3
F
(σ + ρ

2

)]
− 2Γ (α+ 1)

ρ− σ Iασ+ρ
2
−;ψF (σ) . (9)

If we multiply both sides of (8) and (9) by
− (ρ− σ)

4Nα
ψ (σ, ρ)

and
ρ− σ

4Nα
ψ (σ, ρ)

, respectively, then by adding the

resultant equalities, the equality (7) is obtained. This finishes the proof of Lemma 1. �

Theorem 3. Let consider that the assumptions of Lemma 1 hold. If the function
∣∣F ′∣∣ is convex on [σ, ρ] ,

then one has the inequality∣∣∣∣∣16 [F (σ) + 4F
(σ + ρ

2

)
+ F (ρ)

]
− Γ (α+ 1)

2

[
1

Mα
ψ (σ, ρ)

Iασ+ρ
2
−;ψF (σ) +

1

Nα
ψ (σ, ρ)

Iασ+ρ
2

+;ψF (ρ)

]∣∣∣∣∣
≤ ρ− σ

8

[
2Ω1(ψ, α)− Ω2(ψ, α)

Mα
ψ (σ, ρ)

∣∣F ′ (σ)
∣∣+

Ω2(ψ, α)

Mα
ψ (σ, ρ)

∣∣F ′ (ρ)
∣∣
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+
2Υ1(ψ, α)−Υ2(ψ, α)

Nα
ψ (σ, ρ)

∣∣F ′ (ρ)
∣∣+

Υ2(ψ, α)

Nα
ψ (σ, ρ)

∣∣F ′ (σ)
∣∣] ,

where

Ω1(ψ, α) =

1∫
0

|∆ψ,α(ζ)| dζ,

Ω2(ψ, α) =

1∫
0

ζ |∆ψ,α(ζ)| dζ,

Υ1(ψ, α) =

1∫
0

|Λψ,α(ζ)| dζ

and

Υ2(ψ, α) =

1∫
0

ζ |Λψ,α(ζ)| dζ.

Proof. Let us take modulus in Lemma 1. Then, we have∣∣∣∣∣16 [F (σ) + 4F
(σ + ρ

2

)
+ F (ρ)

]
− Γ (α+ 1)

2

[
1

Mα
ψ (σ, ρ)

Iασ+ρ
2
−;ψF (σ) +

1

Nα
ψ (σ, ρ)

Iασ+ρ
2

+;ψF (ρ)

]∣∣∣∣∣ (10)

≤ ρ− σ
4

 1

Mα
ψ (σ, ρ)

1∫
0

|∆ψ,α(ζ)|
∣∣∣∣F ′(2− ζ

2
σ +

ζ

2
ρ

)∣∣∣∣ dζ +
1

Nα
ψ (σ, ρ)

1∫
0

|Λψ,α(ζ)|
∣∣∣∣F ′(2− ζ

2
ρ+

ζ

2
σ

)∣∣∣∣ dζ
 .

Using the fact that
∣∣F ′∣∣ is convex, we obtain∣∣∣∣∣16 [F (σ) + 4F
(σ + ρ

2

)
+ F (ρ)

]
− Γ (α+ 1)

2

[
1

Mα
ψ (σ, ρ)

Iασ+ρ
2
−;ψF (σ) +

1

Nα
ψ (σ, ρ)

Iασ+ρ
2

+;ψF (ρ)

]∣∣∣∣∣
≤ ρ− σ

4

 1

Mα
ψ (σ, ρ)

1∫
0

|∆ψ,α(ζ)|
[

2− ζ
2

∣∣F ′ (σ)
∣∣+

ζ

2

∣∣F ′ (ρ)
∣∣] dζ

+
1

Nα
ψ (σ, ρ)

1∫
0

|Λψ,α(ζ)|
[

2− ζ
2

∣∣F ′ (ρ)
∣∣+

ζ

2

∣∣F ′ (σ)
∣∣] dζ



=
ρ− σ

8

[
2Ω1(ψ, α)− Ω2(ψ, α)

Mα
ψ (σ, ρ)

∣∣F ′ (σ)
∣∣+

Ω2(ψ, α)

Mα
ψ (σ, ρ)

∣∣F ′ (ρ)
∣∣

+
2Υ1(ψ, α)−Υ2(ψ, α)

Nα
ψ (σ, ρ)

∣∣F ′ (ρ)
∣∣+

Υ2(ψ, α)

Nα
ψ (σ, ρ)

∣∣F ′ (σ)
∣∣] .

This finishes the proof of Theorem 3. �
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Remark 4. Let us consider ψ(ζ) = ζ for all ζ ∈ [σ, ρ] in Theorem 3. Then, we obtain

Ω1(ψ, α) = Υ1(ψ, α) =
(ρ− σ

2

)α 1∫
0

∣∣∣∣ζα − 1

3

∣∣∣∣ dζ =
(ρ− σ

2

)α [ 2α

α+ 1

(
1

3

)1+ 1
α

+
2− α

3 (α+ 1)

]
,

Ω2(ψ, α) = Υ2(ψ, α) =
(ρ− σ

2

)α 1∫
0

ζ

∣∣∣∣ζα − 1

3

∣∣∣∣ dζ =
(ρ− σ

2

)α [ α

α+ 2

(
1

3

)1+ 2
α

+
4− α

6 (α+ 2)

]
,

and ∣∣∣∣16 [F (σ) + 4F
(σ + ρ

2

)
+ F (ρ)

]
− 2α−1Γ (α+ 1)

(ρ− σ)α

[
Jασ+ρ

2
−F (σ) + Jασ+ρ

2
+F (ρ)

]∣∣∣∣
≤ ρ− σ

4

[
2α

α+ 1

(
1

3

)1+ 1
α

+
2− α

3 (α+ 1)

] [∣∣F ′ (σ)
∣∣+
∣∣F ′ (ρ)

∣∣] .
This result equivalent to Theorem 2.

Corollary 1. Let us consider ψ(ζ) = ln ζ, ζ > 0 in Theorem 3. Then, we obtain the following Simpson
type inequalities for Hadamard fractiona lintegrals∣∣∣∣16 [F (σ) + 4F

(σ + ρ

2

)
+ F (ρ)

]
− Γ (α+ 1)

2

[
1

Mα
ln(σ, ρ)

Jασ+ρ
2
−F (σ) +

1

Nα
ln(σ, ρ)

Jασ+ρ
2

+F (ρ)

]∣∣∣∣
≤ ρ− σ

8

[
2Ω3(ψ, α)− Ω4(ψ, α)

Mα
ln(σ, ρ)

∣∣F ′ (σ)
∣∣+

Ω4(ψ, α)

Mα
ln(σ, ρ)

∣∣F ′ (ρ)
∣∣

+
2Υ3(ψ, α)−Υ4(ψ, α)

Nα
ψ (σ, ρ)

∣∣F ′ (ρ)
∣∣+

Υ4(ψ, α)

Nα
ψ (σ, ρ)

∣∣F ′ (σ)
∣∣] ,

where

Ω3(ln, α) =

1∫
0

|∆ln,α(ζ)| dζ,

Ω4(ln, α) =

1∫
0

ζ |∆ln,α(ζ)| dζ,

Υ3(ln, α) =

1∫
0

|Λln,α(ζ)| dζ

and

Υ4(ln, α) =

1∫
0

ζ |Λln,α(ζ)| dζ

Theorem 4. Let consider that the assumptions of Lemma 1 hold. If the function
∣∣F ′∣∣q , q > 1, is convex

on [σ, ρ], then one has the following Simpson inequality∣∣∣∣∣16 [F (σ) + 4F
(σ + ρ

2

)
+ F (ρ)

]
− Γ (α+ 1)

2

[
1

Mα
ψ (σ, ρ)

Iασ+ρ
2
−;ψF (σ) +

1

Nα
ψ (σ, ρ)

Iασ+ρ
2

+;ψF (ρ)

]∣∣∣∣∣
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≤ ρ− σ
4Mα

ψ (σ, ρ)

 1∫
0

|∆ψ,α(ζ)|p dζ


1
p (

3
∣∣F ′ (σ)

∣∣q +
∣∣F ′ (ρ)

∣∣q
4

) 1
q

(11)

+
ρ− σ

4Nα
ψ (σ, ρ)

 1∫
0

|Λψ,α(ζ)|p dζ


1
p (∣∣F ′ (σ)

∣∣q + 3
∣∣F ′ (ρ)

∣∣q
4

) 1
q

≤

 ρ− σ
4Mα

ψ (σ, ρ)

4

1∫
0

|∆ψ,α(ζ)|p dζ


1
p

+
ρ− σ

4Nα
ψ (σ, ρ)

4

1∫
0

|Λψ,α(ζ)|p dζ


1
p

 [∣∣F ′ (σ)
∣∣+
∣∣F ′ (ρ)

∣∣] ,

where
1

p
+

1

q
= 1.

Proof. By utilizing the well-known Hölder inequality and convexity of
∣∣F ′∣∣q , we obtain

1∫
0

|∆ψ,α(ζ)|
∣∣∣∣F ′(2− ζ

2
σ +

ζ

2
ρ

)∣∣∣∣ dζ ≤

 1∫
0

|∆ψ,α(ζ)|p dζ


1
p
 1∫

0

∣∣∣∣F ′(2− ζ
2

σ +
ζ

2
ρ

)∣∣∣∣q dζ


1
q

(12)

≤

 1∫
0

|∆ψ,α(ζ)|p dζ


1
p
 1∫

0

[
2− ζ

2

∣∣F ′ (σ)
∣∣q +

ζ

2

∣∣F ′ (ρ)
∣∣q] dζ


1
q

=

 1∫
0

|∆ψ,α(ζ)|p dζ


1
p (

3
∣∣F ′ (σ)

∣∣q +
∣∣F ′ (ρ)

∣∣q
4

) 1
q

,

and similarly

1∫
0

|Λψ,α(ζ)|
∣∣∣∣F ′(2− ζ

2
ρ+

ζ

2
σ

)∣∣∣∣ dζ ≤
 1∫

0

|Λψ,α(ζ)|p dζ


1
p (∣∣F ′ (σ)

∣∣q + 3
∣∣F ′ (ρ)

∣∣q
4

) 1
q

. (13)

By (12) and (13) in (10), we establish

∣∣∣∣∣16 [F (σ) + 4F
(σ + ρ

2

)
+ F (ρ)

]
− Γ (α+ 1)

2

[
1

Mα
ψ (σ, ρ)

Iασ+ρ
2
−;ψF (σ) +

1

Nα
ψ (σ, ρ)

Iασ+ρ
2

+;ψF (ρ)

]∣∣∣∣∣
≤ ρ− σ

4

 1

Mα
ψ (σ, ρ)

 1∫
0

|∆ψ,α(ζ)|p dζ


1
p (

3
∣∣F ′ (σ)

∣∣q +
∣∣F ′ (ρ)

∣∣q
4

) 1
q
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+
1

Nα
ψ (σ, ρ)

 1∫
0

|Λψ,α(ζ)|p dζ


1
p (∣∣F ′ (σ)

∣∣q + 3
∣∣F ′ (ρ)

∣∣q
4

) 1
q

 .
This gives the first inequality in (11). For the proof of second inequality, let a1 = 3

∣∣F ′ (a)
∣∣q , b1 =

∣∣F ′ (b)∣∣q ,
a2 =

∣∣F ′ (a)
∣∣q and b2 = 3

∣∣F ′ (b)∣∣q . Using the facts that,

n∑
k=1

(ak + bk)s ≤
n∑
k=1

ask +
n∑
k=1

bsk, 0 ≤ s < 1 (14)

and 1 + 3
1
q ≤ 4, then the desired result can be obtained straightforwardly. This completes the proof of

Theorem 4. �

Remark 5. Let us consider ψ(ζ) = ζ for all ζ ∈ [σ, ρ] in Theorem 4. Then, we obtain∣∣∣∣16 [F (σ) + 4F
(σ + ρ

2

)
+ F (ρ)

]
− 2α−1Γ (α+ 1)

(ρ− σ)α

[
Jασ+ρ

2
−F (σ) + Jασ+ρ

2
+F (ρ)

]∣∣∣∣
≤ ρ− σ

4

 1∫
0

∣∣∣∣ζα − 1

3

∣∣∣∣p dζ


1
p (

3
∣∣F ′ (σ)

∣∣q +
∣∣F ′ (ρ)

∣∣q
4

) 1
q

+
ρ− σ

4

 1∫
0

∣∣∣∣ζα − 1

3

∣∣∣∣p dζ


1
p (∣∣F ′ (σ)

∣∣q + 3
∣∣F ′ (ρ)

∣∣q
4

) 1
q

≤ ρ− σ
2

4

1∫
0

∣∣∣∣ζα − 1

3

∣∣∣∣p dζ


1
p [∣∣F ′ (σ)

∣∣+
∣∣F ′ (ρ)

∣∣] .
3. Conclusion

In this work, we first prove an identity involving ψ-Hilfer fractional integrals for differentiable functions.
By utilizing this equality, we obtain some Simpson-type inequalities for ψ-Hilfer fractional integrals. For
this aim, we consider the concept of convexity and well-known Hölder inequality. Moreover, we discuss the
connections between our main findings and previous studies.

In conclusion, our study has shed light on the fascinating world of ψ-Hilfer fractional integrals and
their associated Simpson-type inequalities. We hope that this work will inspire further exploration and
research in this area, potentially leading to new applications and insights in various scientific disciplines
and real-world problem-solving.
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[2] M.Z. Sarıkaya, E. Set and M.E. Özdemir, On new inequalities of Simpson’s type for convex functions,
Comput. Math. Appl., 60(8) (2010), 2191-2199. [CrossRef] [Scopus] [Web of Science]

[3] T. Du, Y. Li and Z. Yang, A generalization of Simpson’s inequality via differentiable mapping using
extended (s,m)-convex functions, Appl. Math. Comput., 293(15) (2017), 358-369. [CrossRef] [Scopus]
[Web of Science]
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