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Abstract

In our present work, we first study certain Mathieu-type series and then define a new subclass of Pascu-
type analytic functions. Also some inheriting results like the Fekete-Szegd functional, radius problems,
a number of sufficient conditions and results related to partial sums are derived. Some new and known
consequences of our main results are also given.
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1. Introduction

We denote the class of analytic function having the form
f2)=2+> ap" (z €D), (1)
k=2

by A in the open unit disk
D={z:2€C and |z|<1}.

Next, for any two functions g1, g2 € A, the function g; is said to be subordinate to the function g2, which
is written as

g1 < g2,
if Schwarz function w exist holomorphic in D with the following conditions

w(0)=0 and |lw (2)] < 1,
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such that

91(2) = g2 (@ (2)) (z€D).

For two analytic functions f and g, the convolution (Hadamard product) of f and g is defined as:
f(z)*g(z) = Z arbrz".
k=0

Let P denote the well-known Carathéodory class of functions p, analytic in the open unit disk D, which
are normalized by

p(z) = 1—‘,—chzk7 (2)
k=1

such that
R{p(z)} >0 (VzeD).

Furthermore, we denoted by A the class of all those well-known functions, which are univalent in D. A
function f € A is said to be in N'*, the class of starlike functions, if

%(Zf/(z)>>0 (z € D).

f(2)
Equivalently
* _ . Zf/(z) 2
o) = {reas T8 <o), 3
where
()
©(z) =2

By giving some specific values to ¢ (z), then we can get some known subclasses of N, some of them are
listed as follows:

1. For ¢(z) = 1+ sinz, we have the functions class N () of starlike functions associated with the sine
functions (see [1]).

2. Forop(z)=1+2z— %z?’

(see [2]).

, we have the functions class of starlike functions associated with the nephroid

3. For ¢(z) = €*, we have the functions class of starlike functions associated with the exponential functi-
ons (see [3]).

4. For p(z) = z+ V14 22, we have the functions class of starlike functions associated with the crescent
shaped region (see [4] ).

The classes defined above play an important role in the development of this filed. Many interesting
properties of each of the defined functions classes have been studied from different viewpoints and pros-
pectives. Also, it could be seen that, as time passed some new subclasses were introduced and studied see
[5, 6, 7] by taking ¢ in (3) with some other specific type of functions.

The class N* [M, N] of starlike functions associated with the Janwoski function can be defined as
follows.
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Definition 1. [8] A function f is called in the class N™* [M, N] if

2f' (2) 1+ Mz
f(2) 1+ Nz

(-1<N<M<LI).

Or

2f (2) _ M+ 1D)p(z) = (M -1)

) - e —(v—p (N <MsL. )

This function N™* [M, N] of starlike functions was given by Janowski [§].

The following series (Mathieu-type series) is named after 'Emile Leonard Mathieu (1835-1890), who
examined it in his monograph [9] on the elasticity of solid bodies.

) > 2k )
T(z):;m (i >0).

The series T () has a closed integral form and is given by (see [10])

T () = E‘/OOO tsin(it)dt

i et —1

The Mathieu-type series is defined as follows (see [11]):
, — 2k ,
T(2;2) = —Z 1>0, |z]<1).
6= g (20 F<D

It was originally created for functions of real variables, but Bansal et al. [12] extended it to complex
variables. Since T (i;z) ¢ H so using following normalization, we have

T(i;2) = (Z+1) i 2k 2~

for some related work we refer the reader to see [13]-[15].

The theory of operators play a vital role in the development of Geometric Function Theory. Many new
operators have been studied systematically from many different aspects and by means of these operators
some useful subclasses have been defined and studied, see for example [16]. A number of integral and
differential operators can be described in term of convolution. These operators are helpful in understan-
ding the mathematical exploration and geometric configuration of analytic functions. The importance of
convolution in the theory of operators may be understood by [17]-[22].

Using the Hadamard product in conjunction with (1) and (5), we introduce a new linear operator
H; : A — A as follows

i) — A Y 1 G
ka(z)—f(z)*T(Lz)—z—i—kz:;Wakz. (6)

‘We now motivated by the above mentioned works and define the following function class of starlike functions
involving the Janwoski functions.
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Definition 2. A function Hjf (z) of the form (6) is said to be in the class N3™ (M, N) if and only if

2 (HLf (2) 1+ Mz
1-XNz+AH]f(z) 1+Nz

(z € D). (7)

Or equivalently we can write the above subordination as follows:

' (1=XN) 2+ HLf(2) — 2z (HLf (2)
Nz (Hif(2)) = M{(1 =N z+\H.f(2)}

By taking A = 0, we state the following class:

Definition 3. A function Hyf (z) of the form (6) is said to be in the class R (M, N) if and only if

(Hir ) < % (z € D).

Or equivalently we can write the above subordination as follows:

‘ (Hif () ' L
N (Hif (2) - M

Remark 1. If we let A = 1, in the above Definition, we have the function class defined and studied by
[18].

The problems related to the coefficients of a function from the class A is a core of attractions for
many mathematicians. One of the most important problem related to coefficients of the functions f is
the Bieberbach conjecture which was solved by De-Branges, 70 years after its formulation. The Fekete-
Szegd functional |a3 — a§| is also one of the important finding for the coefficients of the functions f. This
functional is further generalized as |a3 — pa%‘. Fekete and Szegd gave sharp estimates of ‘ag — ua§| for a
real p and f € NV.

In Geometric Function Theory of Complex Analysis many authors have motivated by the problems
related to coefficients. We have chosen to add some remarkable recent work on this subject (see for
example [23], [24], [25] and [26]) on various functions classes of analytic and bi-univalent functions. Also
one may attempt to produce the same results for a function class defined in different domains. Particularly,
interested can also obtain the g-extension of the defined functions classes and results. Furthermore, the
works presented in [23], [24], [25] and [26] can also be generalize by connecting it with some special type
of series.

Here in this paper, we find the Fekete-Szego functional }ag - p,a§| for our defined functions class
NY™ (M, N). Also we give a number of sufficient conditions for a function to be in our newly defined
function class. Some other interesting results, like partial sums, desertion Theorems and radius problems
are derived. Relevant connection to those other related works are also highlighted. To find the Fekete-Szegd
functional, we need the following Lemma.

Lemma 1. ([20] and [21]) Let
p(z) = 14 c1z+co2? +. ..
be in the class P. Then for any complex number v

‘CQ - UC%‘ < 2max {1, |1 —2vl|}.
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In particular, if v is a real parameter, then

—4v +2 (v=0)
ez —vet| = {2 0<v<1) (8)
dv—2 (vz21)

2. Main Results

Our first result is related to Fekete-Szego functional.

Theorem 1. Let the function HLf (z) given by (6) be in the class N3™ (M, N). Then for a complex

number p,
p1 (M, N, k) = 3u (M — N) (i +4)" (3 - \) } )

4N =2)% (124 9)% (2 +1)°

o _ (M —=N)(i2+9)*
a5 — a3 < 7 maxd 1,
6(i%2+1)

where
pr (M, N, k) =4(A—2) (M — 3N + (N + 1)\ — 2) <i2+9)2(i2+1)2.

Furthermore, for a real parameter p,

(M—N) p2(M,N,k\)=3u(M—N)(i2+4)* (3-2)
(6(i2+1>2(3—k)) ( 3(A—2)%(i241)? (1< o1)

(M—N)(i2+9)°
‘as - ,uag‘ < (Wg@,,\))) (01 << o2) (10)

(N—M) p2(M,N kA)=3u(M—N)(*+4)* (3-2)
(6(i2+1)2(37>\)) < 3(A—2)%(i2+1)? (n>02),

where
po (M, N, k) = 4((N +2) A+ M — 3N — 4) (A — 2) (z‘2+9)2(i2+1)2, (11)
L _AM 3N NAEA-2)(A-2) (i?+9)° (2 +1)*
! 3(M—N)(3— ) (@ +4)°
and
by~ MV 43)A+ M —3N -6) (A~ 2) (z‘2+9)2(i2+1)2.

3(M —N)(3—\)(i2+4)*



78 | B. Khan, G. Murugusundaramoorthy & S. Asif

Proof. We begin by showing that the inequalities (9) and (10) hold true for H f (z) € N3™ (M, N). Since

H}f(2) € Ni™ (M, N), therefore, we have the following subordination:

2 (Hif (2) 14+ Mz
(1—)\)Z+)\H,if(z) 1+ Nz’

The above subordination can also be written as:

Z(Hif(z))/ (M4 1)p(z)— (M -1)
(17/\)ZI:LAHIif(z)_(N+1)p(z)—(N71) (-1<N<M<1).

Now let us consider

M+)p(z)-(M-1) 1.~ i
NiDpe)—v=1) Tz M-Nm

+ {%(M_N)pQ - i(M—N)(N—ﬁ-l)p%}zQ + ..

Also

2(Hf () 2@-N @+
(1=X)z+AH} f (2) (i +4)°

a2z

+{3(3A) (1), _40-D(E+1) 2}z2+...

@+9? 7 @+
We find from the equations (14) and (13) that

(M —=N)(*+4
P TCES ISR

and

2

2 i
az = (( :1))2 {((N+1)()\—2)+M—N)%+p2].

Thus, clearly, we find that

(M — N) (i
6(3—\) (2

2
‘as*uag‘ = +9) ‘pzfﬁpﬂ
+1)° ’

where

M -N) @+ 3= (N+1)(A-2)+(M-N)
82— N2 (2+9)%(241)° 2(A-2) '

(12)

(14)

(15)

(16)

Finally, by applying Lemma 1 in conjunction with (17), we obtain the result asserted by Theorem 1. O

Theorem 2. Let Hf (z) € N3™ (M, N) be given by (1). Then

oo k -2 1 2
2(2747)2(1@—1+|Nk—MA\)|ak| <M —N.
= (k2+12)
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Proof. Let Hj f () € Ni™ (M, N). Then, (7) can be put in the form of Schwarz function w (z) as

2 (Hif (2)) 1+ Mw(z2)
(1-Nz+AHif(z) 14+ Nw(z)

(z € D). (19)

Or equivalently

(L=N2+2Q (ki) f (2) — 2(Q (k,7) f) (2)
Nz (Hif(2)) = M{(1 =N z+AH.f(2)}

Consider
i i 4 B(?+1)” 1 k
(1 =N 2+ A f (2) — 2 (Hi f (2)) _ Dieo gy K~ arz
Nz (Hif(2)) = M{(1 =N z+H.f(2)} (M—=N)z+32, ’;gﬁ;;j [Nk — M) agz*
k(i°+1
S S e~ 1)
- k(i? 2
(M — N) + Zk}:2 ((i(2+:;§2 |N/€ — M)\|) |ak|
<1,
after simple computation we get the required inequality (34). O
Example 1. For the function
k2 M —N
—z+z ) ( ) ez (zeD),

— 1+ |Nk— M)

such that "7, v =1, we have

SIS = k(i 1)
(k=14 |Nk—MX — 2 (k—14+|Nk— M\
Xz: +| D ‘akl 22 (k.2 +i2)2 ( +‘ |)

( (K +4i%)* (M - N) )
X Vi
k(24 1)% (k—1+4|Nk— MX|)

:(MfN)ivk:(MfN).
k=2

Corollary 1. Let Hif (z) € Ni™ (M, N) and be of the form (1). Then

(k2 #)" (M - N) (k>2). (20)

Jax] < k(i2+1)% (k— 1+ [Nk — M) -

Proof. The proof is quite straightforward, left for the reader. [J

Theorem 3. Let H}.f (2) € N3™ (M, N) and be of the form (1). Then

SN Chu T ) RPN Ch s G )
2(2 1+ 1) (1+ 2N — MA|) T 2241+ 2N - MA)

(21)
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Proof. Consider

1f ()] =

oo
z 4+ E akz’~c
k=2

o0
=ity laxllil",
k=2

oo

k

<zl + ) lawl I2|
k=2

since for |z| = < 1 we have r* < r? for k > 2 and

oo

FEI<r+r® Y il

k=2

Comparably

[f @) == Jaxl.
k=2

Now from (34) implies that

> (i2 4+ 1)
k=2
But
o 2 .2 1 2 e} k -2 12
ZH(LHQN—AMDMHSZL—FL(k—l—HNk—)\M\)\aHgM—N,
L (4t 2) 2o (k2 1 2)

which gives

> (4+i%)%(M - N)
;Iakl S @412 (14 2N M)

g
Theorem 4. Let Hif (2) € Ni™ (M, N) and be of the form (1). Then

AWM =N)
" (z‘2+1)2(1+|2N7)\M\)T SO

(4+i%)% (M - N) >
(2 + 1)1+ 2N — AM|)

Proof. The proof is quite similar as Theorem 3, so omitted. [

Theorem 5. Let f; € NY™ (M, N) and have of the from
fi) =2+ ains®  (i=1,2,3,...k).
k=2
Then H € N3™ (M, N), where

k k
H(z)=> cifi(z) with > lesf =1.
=1 =1

(22)

(23)

(24)
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Proof. From Theorem 2, we can write

ook .2 12
Zw(k—l—HNk—)\MDakgM—N.
2+i2)2

Also,
k [e%s)
z) = Zci (z + Z ai’kzk>
i=1 k=2
oo k
=z+ Z <Z ciai7k> zk7
k=2 \i=1
therefore
= k(2 +1)° k Pl k(2 +1)°
— 2 (k—14+|Nk—- M\ cit; k| = 7141—1—1— Nk — MM|) |a; c;

ZM N)les| = (M = N)> Jes| = M =N,

k k
= =1

-

thus H (z) e NY™ (M,N). O

Remark 2. If we put A = 1, in the above theorem, we will arrived at the result that was already proved
in [18].

Theorem 6. Let f; € ™(M,N), fori=1,2,...,5. Then the arithmetic mean h of f; is given by

J
> fi2), (25)
and also belong to class NY™ (M, N).

Proof. From (25), we can write

k=1 k=1 k=2
- )
1 k
=z+ E - E ajk |z,
k=2 J k=1

to demonstrate that h (z) belong to NY™ (M, N), it’s enough to show that

=k (2 +1)° 1<
———— (k= 1+ |Nk—- M) |- | <M-N
zz: (k2+i2)2 ( —H |) j kzz:lag,k =
Consider
k(% +1)° z 1 =k (i +1)°
—— (k=14 |Nk— M)X|) - k—1+|NkE— MM
I; (k2 +2)? ( +| ) z:: =3 kz::l ];2 k2 1 2)? ( + | D) lajkl
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| =

k=1

<

this show that M (z) belong to N3™ (M,N). O

Theorem 7. Let f € NX™ (M, N), then f is in class of starlike functions of order 8 (0 < 3 < 1) for
|z] <4, where

it = (1= B)k (* +1)° (k— 1+ [Nk — MA]) T
A\ (k= B) (k2 +i2)° M-N :

Proof. Let Hif (z) € Ni™ (M, N). To prove f is in class of starlike functions of order 3, it’s enough to
show that

2f' (2) = f (2)
2f' (2)+ (1 =28) F (2)

Using 1 along with some basic math yields

(k-8 _
> (15 ol < (20)

k=2

<1

Since Hif (z) € N3™ (M, N), from (18) we have

oo

Zk(i2+1)2(k—1+|Nk—M/\|)
(k2 + i2)? M-N

lak| < 1. (27)
k=2

Inequality (26) will holds true if the following holds true:

e} (%) . 2
k-5 k-1 k(% +1)" (k=14 |Nk— AM|)
- = < ,
S (125 ) ™ < G e ey

which implies that

1 < (1= Bk (2 +1)° (k -1+ |Nk — AM]|)
(k= B) (K +2)° M- N ’

thus we get required result. [
Theorem 8. Let fi(z) =z and

_ (K +i%)° (M - N) i
fk(z)_z_k(i2+1)2(k71+\Nk7)\M|)z (z€D, k=2).

Then Hif (z) € N3™ (M, N) if and only if Q (k,i) f can be expressed in the form
Hif (2) = 6nfr(2) (6 2 0), (28)
k=1

and

k=1



83

A Subclass of Analytic Functions

Proof. From (28), we can easily write

Hif (2) = 0ufr(2)
k=1

o k2 +42)° (M - N
:Z—FZ(Sk .2( 22) ( ) Zk,
L@@ 1) (k— 1+ [Nk — M))
then from Theorem 2, we can write
=< (2 +1)° k2 +i2)%s o
Z%(lﬁ—l—HNk—M)\\) _ 2( )0 = (M -N)Y 5
= (K2 +i%) k(i?4+1)" (k= 1+ [Nk — MX|) e
= (M —N)(1-0d1)

Thus by Theorem 2, Hif (z) € Ni™ (M, N). Conversely, let Hif (z) € Ni™ (M, N) since the Theorem
2, we have

(K2 +i%)% (M - N)

lax| < 5 (k>2),
E(@24+1)"(k—1+|Nk— M)
we set
E(2+1)°(k—14|Nk— M
PR G M Ut el Dol (k> 2).
(k24142 (M — N)
and

Gi=1- 0,
k=2
so it follows that
()= 0kfu(2).
k=1

Hence proof is completed. [

Remark 3. If we put A = 1, in the above Theorems 1-8 , we will arrived at the result that was already
proved in [18].

3. Partial Sum

In this section, we will examine the ratio of a function of the form (1) to its sequence of partial sums
J
filz)=z+ Z arz",
k=2

when the coefficients of f are sufficiently small to satisfy the condition (18). We will determine sharp lower

bounds for
"(15) - (59): %GE;) and %GE;)
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Theorem 9. If f of the form (1) satisfies condition (18), then

J&Y o, 1 .
" (fj (Z)> = Jj+1 (vz €D), (29)
and
fi(2) Uj+1
gR(f(z)) > T4 0,01 (Vz € D), (30)
where

. 2
9 = k(2 +1) (@ —21 + |Nk — )\M|). (31)
(k2 +142)* (M — N)

Proof. For proving the inequality in (29), we suppose that:

1 J k—1 ] =, k—1
+ X awz” T V0 Y arz
951 [f(z) B (1_ 1 )} B k=2 k=j+1
J - N
fi (2) V11 j
1 k—1
_ 1+ (»)
C1+a(2)

We now set:

1491 (2) _ 1+ w(z)
1+92(2) 1—w(z)

After some straightforward simplification, we have that:

o) = ) =)
24 1 () + 2 ()

Thus, clearly, we find that:
o0
Djr1 > ap2" !
k=j+1

J o ’
242 Z akzk*1 +19j+1 Z akzk*1
k=2 k=j+1

w(z) =

By using the triangular inequalities along with |z| < 1, we can get the following easily:

oo
Y1 >, axl
k=j5+1
@ (2)] < . A .
J oo
2-23% lak| = Y541 > |akl
k=2 k=j+1

Now |w (2)| < 1, if and only if

oo

i
20501 ) lar| <22 al,
k=2

k=j+1
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or, equivalently

i co
D larl+ 3501 D> far] < 1. (32)
k=2 k=j+1

Finally, in order to prove inequality in (29), we must show that the left hand side of (32) is bounded above
by the sum given by:

)
Z g |a1€| )
k=2

we have

> Wk —Vlagl+ Y 9k —D541) lax| > 0. (33)

k=2 k=j+1

By using (33), we see that the proof of inequality in (29) is completed.
Next in order to prove the inequality (30), we set:

J k—1 , - k-1
1+ Y axz — Y41 Y. agz
(14+9;41) <fj () Y ) _ k=2 k=j+1
! f(z) 1491 1+ SN geske1
+ > akz
k=2
14w (2)
T 1l-w(2)’
we can write
(L+7;41) . > ) |ak|
@ (2)] < - = <1 (34)
2-2 3% lag| = (941 —1) X |akl
k=2 k=j+1
This last inequality is equivalent to
J oo
D ookl 40541 Y Ja| < 1. (35)
k=2 k=j+1

Finally we can see that the left hand side of the inequality in (35) is bounded above by the follwoing sum:

oo
Z Jg |a1€| )
k=2

so we have completed the proof of the assertion (30). Which completes the proof of Theorem 9. [

We next turn to ratios involving derivatives.
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Theorem 10. If f of the form (1) satisfies condition (18), then

I (2) j+1
" (f;- (z)) zl-y, (€D, (36)
and
fi () Vi1 i
§R(f’(»2)>219j+1+j+1 (vz€D), (37)

where ¥; is given by (31).

Proof. The proof of Theorem 10 is similar to that of Theorem 9, we here choose to omit the analogous
details. O

Remark 4. If we put A = 1, in the above Theorems in this section, we will arrived at the result that was
already proved in [18].

Remark 5. If we put A = 0, one can easily state the result discussed in the paper for the class R (M, N)
given in Definition 3.

4. Conclusion

The theory of operators play a vital role in the development of Geometric Function Theory. Many new
operators have been studied systematically from many different aspects and by means of these operators
some useful subclasses have been defined and studied, see for example [16] and [19] see also [27, 28]. A
number of integral and differential operators can be described in term of convolution. These operators are
helpful to understood the mathematical exploration and geometric configuration of analytic functions.

In our present work, we have first studied certain Mathieu-type series and then have defined a new
subclass of Pascu-type analytic functions in the Janwoski domain. Also some inheriting results like the
Fekete-Szego functional, radius problems, a number of sufficient conditions and results related to partial
sums have been derived for our defined function classes.
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