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Abstract

The primary objective of the present manuscript is to evaluate the left-sided and right-sided k-Saigo
fractional differentiation and integration of the extended k-hypergeometric function. The study employs
Saigo k-type fractional operators, incorporating the k-hypergeometric function within the kernel, to the
extended k-hypergeometric function. Additionally, the paper explores special cases associated with k-
Riemann-Liouville fractional calculus operators.
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1. Introduction

Non-integer order calculus has its origins dating back to 1695. However, it is only in the last twenty years
that authors have effectively utilized it, largely due to the advancements in computational resources. The
k-fractional calculus represents an extension of classical fractional calculus. Recently, several k-fractional
calculus operators have become increasingly popular. The theory of k-fractional calculus operators has
been applied to various investigations in recent years. The Saigo k-fractional calculus operator is among
the most extensively studied and offers an enhanced formula for fractional derivatives and integration.
For example, Gupta and Parihar [1] explored the k-Saigo fractional derivative and integration operators
that involve the k-hypergeometric function in the kernel, applying it to the generalized k-Mittag-Leffler
function.

In several areas of mathematics and mathematical physics, special functions and their generalized forms
are used for finding results of the partial differential equations and fractional differential equations. In 2024,
Laxmi et al. [2] introduced a new extension of the k-hypergeometric function and discussed several key
properties and results. This function is represented as a power series for k > 0, R(p3) > R(p2) > s,
R(z1) > 0, R(2z2) > 0, and for all £ > |x|.
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where %’,(fl 1) (01, p2) is an extended k-beta function defined as follows [3]:

1
k

21, 72 1 £1_ 22 _ -z
'@I(c, ; )(5017 p2) = % /7' w1 (1—7)% 1 Eg 2z, (m> dr, (2)
0

where k£ > 0, min{R (p1), R(p2)} >0, 2 >0, R(z1) >0, R(z2) > 0 and the k-Mittag-Leffler function
is defined as follows:

E Z1,2 = } - ) k s ) ) .
k,z1,22 (X) e Th (’LZl T 22) >0 W(Zl) >0 §R(Z2) >0 X € C (3)

If we take z1 = 22 = 1, Eq. (3) reduces to the k-exponential function Ej (x). For £k = 1 in Eq. (3), the
k-Mittag-LefHler function reduces to the usual two parameters Mittag-LefHler function.

i

N X
Ezlyz2 (X) - ;) F(ZZl + 22)7 §R(Zl) > 07 §R(22) > 07 X € C. (4)

This extension allow hypergeometric functions to model a wide range of applied mathematics and enginee-
ring problems. The extended hypergeometric function introduce extra parameters that allow greater control
over the function’s behavior, making them more versatile for several applications in physics, financial
modeling, and other fields. In this manuscript, we evaluate the Saigo k-fractional integral and derivative
operators in relation to the newly extended k-hypergeometric function.

The remainder of the paper is structured as follows: In Section 2, we introduce the fundamental definiti-
ons of k-beta and gamma functions. Section 3 presents the generalized k-Saigo fractional approach. Section
4 provides the main results of the present work. Finally, concluding remarks are presented in Section 5.

2. Fundamental Concepts

This section revisits established results and key definitions essential for the study.

Definition 1. The k-Gamma function, I'y (), is defined as follows [1, 4]:

lim 4lk* (ik)*

Ii (x) = == , k>0, x€C, (5)

(X)i k

)

where (x); 4 is the k-Pochhamer notation and is given by [4]:

() r=xWx+k)(x+2k)...(x+ik—k), x€C, k>0, ieN. (6)

)

For R (x) > 0 and k > 0, then I'y, (x) has the following integral form:

y

Te() = ki (§) = 7y>< e dy. (7)
0

Note that Ty (x + k) = xT'k (X)-

Definition 2. The generalized k-beta function, %y (x, 7), is defined as follows [1, 4]:

1

/y%_l(l—y)%_ldy, X, 7> 0. (8)
0

=

‘%k (X7 T) =

The following are key properties of the k-beta function and the k-Pochhammer symbol [1].
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@2 (¢ 1) =12 (X, 7).

Fe oot
(0)8s (x, 7) = D)
@00, = .

Gehlot et al. [6] introduced the generalized k-Wright function WUk (x) defined for k € R x, v;, vj €
C, ai, bj €R (aj, bj #0) wherei =1, 2, ...u; j=1, 2, ...v and (v; +a;m), (v; +bym) € C\EZ™:

is @ Lk (vi + aim) x™
LUE :u\p’;{(”’“ } [I 9
() (vi, bi Z HJ Tk (v +bjm) m!” ©)

1,

which satisfies the condition below:
v bj u ai
Z v Z &> L
j=1 =1

The introduction of k-type fractional calculus is a very important development in the field of classical
fractional calculus due to the fact that it has proven to be widely applicable in many fields of mathematical,
physical and applied sciences.

3. Generalized k-Saigo Fractional Approach

Next, we examine key characteristics of the left and right-sided Saigo k-fractional calculus operators
defined by Gupta and Parihar [1]. Let 5, o, u € C, R(n) > 0, k > 0, x € RT; the generalized fractional
differentiation and integration operators associated with the Gauss k-type hypergeometric function are
defined as follows:

—n—o

(1) 00 = 75 / D s (4o 0, (s 0 (1T ) Jutoyars ()

(o)

5 [ =0t T (o) k) ) (1= 2) Y an ()

X

(1) (0 =

where oF1, 1 ((n, k), (o, k); (i, k); x) is the k-Gauss hypergeometric function defined by [7] for x €
C, IxI <1, ®(p)>R()>0

2F1, & ((n, k), (0, k)3 (1, k)3 X) :ZM

) (12)
1=0 T

)

The corresponding forms of Saigo k-fractional differential operators are provided below [1]:

(205 ") 00 (C;‘;)i(faﬁ,zi’ ) (), RO >0, k>0, i= R0+ (13)

o X

_o(d) X / ~24ic1
dx ka —n+1i)

0

x  oF1 & ((—7]—0, k), (—p—n+i, k); (—n+i, k); (1—1>)u(r)dr.

(770 ") (0 = (_df()i(z’;C*Z* TG (), R() >0, k>0, = RO)+1 (14)
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nto
k

where x >0, n € C, ®(n) >0, k> 0 and [R ()] is the integer part of R (n).
For k = 1, the k-Saigo fractional calculus simplifies to the classical Saigo fractional calculus [5]. When

o = —n, the k-Saigo fractional operators reduce to the k-Riemann-Liouville fractional operators as follow:
(Ig_;_ P u) (x) = (Ig+,k“) (x) and (["’ G u) (x) = (Iiku) (x) - (15)
(7 57 ) 00 = (78, 4) G0 and (27,7 #u) () = (77 ) () (16)

Now, we consider the following basic results for our study.

4. Main Results

Next, we evaluate the Saigo k-fractional differentiation and integration related to the extended k-
hypergeometric function (1), which are expressed in terms of the k-Wright function as shown in Eq.

(9)-

4.1. Saigo k-Fractional Integration of Extended k-Hypergeometric Function
Lemma 1. [1] Letn, o, u, (€ C, R(n) >0, ke RT

(a)If R (¢) > max [0, N (o — p)], then

Lo, S—1 Pr((—o+p) 24
(1270777 Z o —oFk(<+n+u)X ' (1"

(b)If R (¢) > max [R(—o), R (—p)], then

=

" ARSI
() Z Th(QTeCtntotmw™ (18)

Theorem 1. Let n, o, p, ¢ € C, ¢c € Rand k > 0, R(n) > 0, R+ p—0) > 0, R(ps) >
R(p2) > s, R(z1) > 0, R(z2) >0, |x| < % The left-sided Saigo k-fractional integration of the extended
k-hypergeometric function is defined as follows:

$—o _q
, o, < zl, Z2 < X * Fk (pQ — Sk) Fk (KD3)
(]n s 1F( : { o1, k)5 (92, k)5 (g3, k) (CTk)}) () = Tk (1) Tk (p2) Tk (903 — g2 + sk)

(p3 —p2 + sk, —k), (p1, k), (92, k), (¢, ©), (C—o+p, <) £
><5\Il]5€< (227 Zl), (937 _k)7 (pQ—Sk7 k)7 (C_Uz §)7 (<+77+/~'L7 §) ’ 72 X )
(19)

Proof. By applying Eq. (1) and Eq. (17) to the left side of Eq. (19), we obtain:
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(I(?J,r’d’k#TiilFl(jl; =2) {(ph k)v (pQ7 k)7 (@37 k")7 (CTi)}) (X)

7 S (1), & (92);, & B 7 (02 — sk + ik, 3 — p2 + sk) (cri)’ o
i=o (pg Sk)i, & DBy, (92 — sk, p3 — p2 + Sk‘) 7!
o A ke
= (p2 sk)l & B (p2 — sk, p3 — p2 + sk) il U0t k

_ L e (Pl)z k (@2)1 k ‘%I(chz =) (p2 — sk + ik, p3 — p2 + sk) 1
X =0 (2 —sk); 4 By (92 — sk, p3 — p2 + sk) il

e (C+s)Tu(C+si—a+p)
Fe(C+si—0)Te (CH+si+n+p)

(chx )’

which upon the properties of k-beta function and definition of extended k-beta function, yields:

NS § (P1);, 1 (92); 1 Tr(C+si) Tk (C4si— o+ p)
=0 (p2—sk); 1, Pr(p2— sk, p3—p2+sk) Tk ((+ci—0) Tk (C+ci+n+p)

1L pp-sktie ps-patsk g _ Gk (ckxi)i
X (%6/‘7' k 1-7) = By, 2, 2 (1= T)dT A

The definition of the Mittag-Leffler function results in the following form:

k i
-
! x <k7’(.1—7')> dr
i=0 Tk (iz1 + 22)

(91);, & (92); 1 Ti (C+sn)Tr (C+6i — 0 + ) (Ckxi)i
(p2 —sk); , Tk((+ci—o)Th(C+sitn+p) i

(—o k\? )
_ X 1 i"z ‘ (—.Z ) l } m sk _ _ T) mfm;rék'*“c 1 dr
B (92 — sk, p3 — p2 + sk) =y kiTk (iz1 + 22) k o

« Ty (@1 +ik) Ty (p2 + ’L:’C) Ty (pz — Sk) Ty (¢C+ §i) T (C+st—o+u) (Ckx%)i
L'k (p1) T (p2) Tr(p2—sk+ik)Th(C+ci—o) T ((+sitn+p) il

ik

_ X i ) —
By (p2 — sk, p3 — p2 + sk) (= kT (iz1 + 22)

By (pz — sk, p3 — p2 + sk — Zk)

Ty (p2 — sk) T (91 + k) T (p2 + i) T (C +53) Th (¢ +gi — o + p1) (chx?)’
Fe(p1)Tr (p2) Tr(p2—sk+ik)Te((+<ci—0)Th ((+si+n+p) !

and with the use of relationship between k-beta and k-gamma function, we have:

XTIy (p2 — sk) Ty (93) &2 ; 2 Iy (3 — o2 + sk — ik)

Lk (1) Uk (p2) Tk (93 — 2 + sk) Eo Ly (iz1 + 22) Tk (p3 — ik)

)i

|0

o Dk (p1 + k) Tk (p2 + k) Tk (C+68) Th (C+5i =0 + 1) (ex
Tr(p2 —sk+ik) T (C+si—0) T (CH+si+n+p) il
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After simplification and applying the definition of the k-Wright function, we arrive at the desired objective:
O

Theorem 2. Letn, o, u, (€ C, c€ Rand k >0, R(n) >0, R(C+u—0) >0, R(ps) > N(p2) >
s, R(z1) > 0, RN(z2) > 0, |x]| < % The right-sided Saigo k-fractional integration of the extended k-
hypergeometric function is defined as follows:

() (0 0 0 ()0 e
ot (T G 2 T ).
Proof. By applying Eq. (1) and Eq. (18) to the left side of Eq. (20), we have:
17 5 (FEESL T (o ), (920 )5 (9, )5 (erE)}) (0
_ (I"’ o) p_ ==t § (01);. 1 (92);, & B, 7 (92 — sk + ik, 3 — p2 + sk) (cr.i)i> 0
’ =0 (p2 —sk); By (p2 — sk, ps — p2 + sk) il

(@1)Z E (p2)1 & j(zl, 22) (p2 — sk + ik, p3 — p2 + sk) ¢ (I"’ _— _<1+:+<) (x)
(278k)i,k B (p2 — sk, p3 — p2 + sk) il T X

)

-2

—=cme 2 (91);, 1 (92)i, 1 B (92 — sk + ik, ps — 2 + sk) 1
=0 (p2 —sk); 4 P (p2 — sk, p3 — p2 + sk) il

Ty (n+¢+0+6i) Ty (n+ ¢+ p+ i) (k£
Cp (n+C¢+6i) Tk (20 + ¢+ 0 + p+ <)

The properties of k-beta function and definition of extended k-beta function result in the following form:

—n—¢=c Tk (p3) 0 1 L pp-sktik shitik p3—pptsk —zF
- - 1— v Ep oo —2—)d
X T (p2—sk) T (3 — p2 + sk) Qkoﬁ (t=7) koo \ra—n) )9

Ty (1 + ik) Tk (p2 + ik) T, (92 — sk) T (0 + ¢ + 0 + i) Tk (n + € + pu + i) (ckx ™ #)"
Tr (1) Tk (92) Tk (02 — sk +ik) T (0 +C+68) T (20 + (40 + p + <) !

The definition of the Mittag-Leffler function results in the following form:

—n—C-0c Ty (p;g) o <k+zk p3—pptsk | X (k‘T (1 — T))
k — |7 1—7 k -~ 7 dr
Lk (p2 — sk) 'k (p3 — g2 + sk) lgokof o ) =0 Tk (iz1 + 22)

Ty (o1 + ik) T, (p2 + ik) Tk (p2 — k) i (0 + € + 0 + i) T (n + € + g+ i) (ckx %)

Tk (p1) Tk (p2) Tk (2 — sk +ik) Tk (n+ ¢+ i) T 20+ ¢+ 0 + p 4 i) 1!
—n—C—o Fk (303) © 1 Zik 1 532 sk _q p3—patsk—ik 4
= 0 — - 1-— k d
X Lk (p2 — sk) Tk (93 — 2 + sk) Eo k E:o( D’ FiT (i1 +22) =7 !

Tk (p1 + k) Tk (p2 +ik) Ti (92 — sk) T N+ C4+0 +<i) T (n 4+ ¢ + 1+ <7) (CkXi%‘)Z
Tk (1) T (p2) Tk (2 — sk + k) Tk M+ ¢+ i) T Cn+ ¢+ 0+ p+ 1) 1!
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—n—¢=o Tk (p3) XX p 2k .
5 ) P By (g2 — sk, o3 — oo+ sk — ik
X Tk (p2 — sk) Tk (3 — g2 + sk) ;o Eo( ) kiTk (iz1 + 22) © (P2 = s, ps = g2 + sk —ik)

Tk (p1 +ik)Tx (p2 +ik) T (p2 — sk) T (n+C+ 0+ i) T (n+ ¢ + 1+ i) (ckix_i)Z
Tk (p1) T (p2) Tk (2 — sk 4+ ik) Tk (n+ (4 6i) T 20+ ¢ + 0 + p + i) il

The relationship of k-gamma and k-beta functions gives:

—n-¢—c r x = i P r — 2 + sk — ik
= S k (93) Z E (_1) k (@3 §2 )

Tk (93 — 2 + sk) =6i=o kT (i21 + 22) Ty (3 — ik)

o Dk (91 + k) T (92 + k) T (92 — 5K) T (0 + ¢ + 0 + i) T (1 + ¢ + o+ i) (ckx™ %)
T (91) Tk (p2) Tk (92 — sk + k)T (0 + ¢+ i) Tx (20 + ¢+ 0 + p+ i) !

Using properties of double summation with the same indices, we have:

S Tk (p3) Tk (p2 — sk) f (—1)f 2tk Ty (p3 — p2 + sk —ik)
T (91) Tk (92) Tk (93 — 92 + sk) =o KTy (iz1 + 22) Ty (3 — ik)

=X

xrk(pl+ik)r’€(m+ik)1_‘lc(7I+C+U+§i)F;€(7]+C+u+§i) (ckx_%)l
Ty (p2—sk+ik)Te(n+C4+6) T (20 +C+ 0+ pu+ i) il

Further simplification gives:

j% Ty (503) Tx (pz — Sk:) T (pg — 2 + sk — ’Lk)
Tk (91) Tk (p2) Tk (03 — 2 + sk) =0 Tk (iz1 + 22) Tk (3 — ik)

8

=X

Do (91 + k) T (p2 + k) i (1 + ¢ + 0 + i) T (n 4+ ¢ + p - i) (=27 ex 7))’
Ty (p2 —sk+ik) T (n+¢+ci) T 20+ + 0 + p+ i) !

After simplification and applying the definition of the k-Wright function, we arrive at the desired objective:
O

Special cases:

1.For ¢ = —n, the left-sided Riemann-Liouville k-fractional integral of the extended k-hypergeometric
function is defined as follows:

<tn

X+ Tk (p2 — sk) Tk (p3)
Ly (1) Tk (p2) Tk (3 — 92 + sk)

(I(’;/7+,7kn7 MT%ilFl(ch; =) {(ph k)7 (p27 k)7 (p37 k)7 (CTi)}) (X) =

XS\I/}; ( (p3 — p2 + sk, —k), (p1, k), (02, k), (¢, s), (C+n+p, <) . 7zkcxi) )
(Z27 Zl)’ (p?n _k)v (@2 _Skv k)7 (<+777 §), (C"’U‘FH» §) '
(21)
2.For 0 = —n, the right-sided Riemann-Liouville k-fractional integral of the extended k-hypergeometric
function is defined as follows:

- cwe _s _< Ik (03) I'i (02 — sk)
T H k (IF-( 1, 22) k k) - k) k — i k
— k (T k, z {(@17 )7 (@2, )7 (@37 ) ) (CT )}) (X) X Fk (Pl)rk (92) Fk (pg S Sk)

k (p37g32+5k7 71@)7 (pla k)7 (92, k)7 (C7 §)7 (77+C+#: () . k. —3%
XE’%( (22, 21), (3, —k), (p2—sk, k), M+¢, <), M+C+m <)~ ~ X ) (22)
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4.2. Saigo k-Fractional Differentiation of Extended k-Hypergeometric Function
Lemma 2. [1] Letn, o, 4, (€ Candi= [R(n)] +1, k€ RT (0, o0).
(a)If R () > max [0, R(—n — o — p)], then

7= = Tw(CH+o+p+n)  crosi_; 4
M g . 23
( ) Zrkcw Tr(Ct+oti—ik)X (23)

(DIf R(C) > max [R(—n — p), R(o — ik +1)], then

Loon & e (- =it k) Ty (CHptn) —crosi
(7m0 8 ) 0= S OT et X . (24)

Theorem 3. Let n, o, p, ¢ € C, ¢c € Rand k > 0, R(n) > 0, R+ p+0) > 0, R(ps) >
R(p2) > s, R(z1) > 0, R(z2) > 0, x| < 3. The left-sided Saigo k-fractional derivative of the extended
k-hypergeometric function is defined as follows

—Z -1
g, o b S —1p(a, 2 £ X+~ Tk (p3) U (p2 — sk)
(96]+, k:“Tk 1]F§€, z ) {(p17 k)? (p27 k)? (p37 k)? (CTk)}) (X) = Fk (Pl)rk (@2)Fk (303 _ p2 + Sk)

ok (p3_p2+5k7 _k), (ph k), (P% k), ((7 §)7 (<+U+H+777 C) . _Ekc st
o (ZQ, 21)7 (937 7]6)7 (pz*Ska k)a (C+1U“7 §), (C+U7 §+17k) ' k X ’
(25)

Proof. By applying Eq. (1) and Eq. (23) to the left side of Eq. (25), we have:

(qu’-,dk“ 1F(zl, 22){ , (g2, k) (@3, k); (gi)}) (x)

_ (oo § O 02Dk B (02— sk 4 ik, o0 —ga b ok) (er)')
T Totk Z (o2 — sk), 1 By (2 — sk, g3 — p2 + sk) il X

_ iol (01); 4 (92);. 1, B ™) (92 — sk + ik, 3 — pa + sk) ¢

T
=0 (p2—sk); 4 B, (p2 — sk, p3 — p2 + sk)

_ (@777 o, MT
’L'

Sto i
X 71Ty, (ps) oo oo (_1)1,#1} 2ok _ﬂ%ﬂk—ik,l(ﬁ
kT (iz1 4+ 22) k

Tk (p2 — sk) Tk (03 — g2 + sk) z';o i=0

s+1_q\*
Tk (p1 + k) T (2 +ik) Tk (2 —sk) T (C+ i) T (C+si+ 0+ p+1n) (CX )
Fk(pl)rk (gOQ)Fk(pz7Sk+ik)rk(C+§i+u)rk(c+§i+0+i*ik) Al

Applying the same simplification process used in the preceding theorems, we obtain:

X T (pe) Tk pz —sk) & Tk (s — 2 + sk — ik)
Ly (91) Tk (92) Ui (03 — 2 + sk) =0 U (iz1 + 22) Tk (p3 — ik)

k i
z s+l _q
o
er(pl+ik’)Fk(@2+il€)rk(C+§’L')Fk(<+§i+0'+ﬂ+77)( k X )
Tk (p2 — sk +ik) T (C+si+p) Tk (C+ i+ 0 + i —ik) il '

After simplification and applying the definition of the k-Wright function, we arrive at the desired objective:
O
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Theorem 4. Letn, o, u, € C, ce Rand k >0, R(n) >0, RC+p+o0) >0, R(ps) > R(p2) >

s, R(z1) > 0, R(z2) > 0, |x| < £. The right-sided Saigo k-fractional derivative of the extended k-

hypergeometric function is defined as follows

X Tk (p3) T (2 — sk)
(p

: 22) {(pl, k), (p2, k); (p3, k); (CT*%)}> (x) = T 1) Tk (92) Tk (03 — p2 + sk)

ogmn: o, Kk
(j_’ k k

\I/k< (@3_924_5"5, —k)), (pl, kl), (KJZ, kl), (C—W—U, §_1+k)> (4"'“7 §) . _fkc %71)
275 (227 21)7 (93, 7k)7 (p2*5k7 k)? (Cfna §)7 (C*U*JJF#: §) ' k X '
(26)

Proof. Applying Eq. (1) and Eq. (24) in the left side of Eq. (26), we have:

’

(_@n, F P (o1, k), (2, k)5 (s, k) (CT_%)}) (x)

(e § (1);, 4 (92);, 1 B ™) (92 — sk + ik, o3 — po + sk) (cr 7))’ )
-k = (p zfsk)i’k B (p2 — sk, p3 — p2 + sk) 7! X

i (@1)1 k (pg)z k %]521; =) (92 — sk + ik, 3 — p2 + 5k) ¢! - (@"v oy K= §i+'§_”> (x)
=0 (92 —sk); By (p2 — sk, p3 — p2 + sk) i\ R

S5 Zik 1 532 sk

T 71(177)

nto—¢
X F (@3) o) i o3 —potsk—ik
= e — k
L'k (g2 — k) 'k (p3 — p2 + sk) z;o Eo( ) KTy (iz1 + 22) ({

“Ldr

T (1) T (90 + )T (2 — sK) T4 (C — =0 + (s~ L+ B ) Tu (si 4 C ) (X0 )
Lk (91) Uk (92) Tk (92 — sk +ik) Tk (ci + ¢ =) Dr (ci+ ¢ —n — 0 + 1) !

Further simplification gives:

XF T, (93) T (2 — sk) § Ty (p3 — p2 + sk — ik)
(p

Tk (1) Tk (p2) T (93 — 02 + sk) (= Tk (iz1 + 22) Tk (3 — ik)
( ic 7Sk+1_1>7‘
Tk (g1 + k) i (92 +3R) Dk (C—n =0+ (s =1+ k) T (si+ ¢+ ) \ K
Lk (p2 —sk+ik) T (si+ ¢ —m)Th (si+(—n—0+p) il '

After simplification and applying the definition of the k-Wright function, we arrive at the desired objective:
O

Special cases:

1.For 0 = —n, the left-sided Riemann-Liouville k-fractional derivative of the extended k-hypergeometric
function is defined as follows:

P |
s —m p S 1z, 2 < X Tw(ps) Tk (p2 — sk)
(@ng ]? Hrk 1F(k, 2 ){(@17 k)7 (927 k)7 (8037 k)7 (CT}C)}) (X): T (@1)Fk (@2)Fk (@3*@24’8]6)

\I/k (93_92—'_8167 _k)v (@17 k)v (927 k)a (Ca §), (C+Ma §) . _Ekc S+1 -1
>E5 (Z2> Z1)7 (@3, _k)z (p2_Sk7 k)7 (€+M7 §), (C_n7 §+1_k) ’ k X
(27)
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2.For 0 = —n, the right-sided Riemann-Liouville k-fractional derivative of the extended k-hypergeometric
function is defined as follows:

(52207 i B, 05 0 1) 0= o)

\I/k (@3 _92"_8]67 _k)a (@17 k)’ (@27 k)a (C7 S — 1+k)7 (<+/1'7 C) . _Ekc 7*:1 1
oue (Z27 Z1)7 (p37 _k)v (QQ—Sk, k)7 (C_Th §), (<+.va §) ’ k X ’
(28)

4.3. Image Formulae Associated with Integral Transforms

In this section, we present solutions related to those obtained in previous subsections, particularly involving
the integral transform.

Definition 3. For y > 0, 7 > 0 and k € R, the k-beta function can be defined in the following form:

Ed e

1
By (u(t); x, 7) = /t%* (1—)F 1 u(t)dt. (29)
0

Theorem 5. Letn, o, p, ( € C, ce Rand k >0, R(n) >0, R(C+p—0) >0, R(pa) > R(p2) >
s, R(z1) > 0, R(z2) > 0. then the following fractional order integral holds true:

Br [(Ig:k“t%_lﬂz(zmﬂ {(@hk) »(p2,k) ;5 (03, k) 5 (yti)}) () ;X’T] - >l<“;§;1)¥k($2))lﬂf{€k(€;3_—sgz) I;ks(’:))

(@1, k)v(p% k)v((: §),(C*0’+,U,, g)v(Xv () . k, .~

XG\IIIGC< ((p3*92+3k, 7k) ) ; —Z Xk

2, 21), (g3, k), (92— sk, k), (C—0, &), (CAn+m6), (x+m s
(30)

Proof. Let £ be the left-hand side of Eq. (30) and using Eq. (29), we have

»\x

1
2= [ = (I E ) (o ) (e B (o R G0F ) @)y (8D

Using Eq. (1) and changing the order of integration and summation, which is valid under the conditions
of Theorem 1, yields

(91, & (92),, 1 Zii'L ™ (92 — sk +pk, 93 — p2 + sk) 1 ( m oy
|

o C+p§_1)
= 1, X
p;() (p2 — sk), 4 B, (p2 — sk, p3 — p2 + sk) ot (=)

(32)
X e C ) )
0
which upon Eq. (17) and Definition 2(a) in Eq. (32), we get
X%*lrk (p3) 0 e%’,(jlz #2) (p2 — sk + pk, p3 — p2 + sk) (k;Xi)p
£ =
Lk (p1) T (92) Tk (03 — 02 + sk) ;=0 ! 53)

Fk(C+p§)Pk(C+p<—a+u)Fk (p1 + pk) Tk (2 + pk) Tk (x + ps) Tk (1)
Lk (C+ps — o) Tk (C+ps+n+ p) Tk (p2 — sk +pk) T (x +ps +17)
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The definition of extended k-beta and Mittag-Lefller functions result in the following form:

=g _q 1 k. S\P
T (o) P e 0
Tk (91) Tk (p2) Tk (93 — o2 + sk) EO A qu (1-4q) L »
L (C+ps) Tk (C+ps — o+ p) Uy (91 + pk) T (02 + pk) Tk (X + ps) T (1)
Tk (p21 + 22) D (C+ps — o) D (C+ ps + 1+ p) T (92 — sk + pk) D (x + ps +7)
Further simplification leads to the following form:
=g _q k. S\P
oo X T (ps) Ui (p2 — sk) I (1) 5 e (3 — p2 + sk — pk) (=2"x*)
Lk (p1) T (92) Tk (03 — 02 + sk) ;=6 Tk (p3 — pk) p! (35)

" Tr(C+ps) Tk (C+ps — o+ 1) Tk (p1 + pk) Tk (2 + pk) Tk (X + <)
Tr(pz1 +22) Tw (CHps — o) T (¢ +ps + 0+ p) Tx (92 — sk + pk) Tk (x +ps +7)

After simplification and applying the definition of the k-Wright function, we arrive at the desired objective:
O

Theorem 6. Letn, o, p, (€ C, ce Rand k >0, R(n) >0, R(C+pn—0) >0, R(ps) > R(p2) >
r, R(z1) > 0, R(z2) > 0. then the following fractional order integral holds true:

—n=¢

%-,476 T'g (7') 'y (@3) [y (pQ - Sk)

By, [(Tﬁ’f;’;”f ERL {(sol,k),(m,k);(ps,k); (yt?)}) (z) ;x,T} =X (o) T (02) T (05 — 92 & 50

S
k

¥ oWk (p3 — o2 + sk, —k), (p1, k), (p2, k), M+C+oa, <), M+C+p, ), (X, S) Lk~
676 (22’ Zl)’ (p?n _k)a (p2_8k7 k)7 (77+C7 §)7 (277+C+U+M7 §)7 (5"’7—7 §) ’ X
(36)

Proof. The proof follows a similar procedures to the one outlined in Theorem 5. [

4.4. Numerical Examples

1
Ifwetaken=0c=pu=1, c=k=1and x = > in Eq. (19) and Eq. (20), we obtain the following two

formulas:

Corollary 1. Let R(¢) > 0, R(p3) > R(p2) > s, R(z1) > 0, R(z2) > 0, |x| < 1. The left-sided Saigo
k-fractional integration of the extended k-hypergeometric function is defined as follows:

2771 7CT (p2 — 8) T (ps)
L (p1) I (p2) T (03 — 2 + )

><5\Il5< ((@3_92"_87 _1)v (@17 1)’ (p27 1)7 (C, §), (Ca () . Z ) )

(13;1’ LreoIp (e 22) (o1, 1), (2, 1) (s, 1); Tg}) (x) =
(37)

22, Zl)y (@3, _1)7 (92_87 1)7 (4_17 g)y (C+27 §) ’ _QT

Corollary 2. Let R(¢) > 0, R(p3) > R(p2) > s, R(z1) > 0, R(z2) > 0, |x| < 1. The right-sided Saigo
k-fractional integration of the extended k-hypergeometric function is defined as follows:

S (7—_1_<IF‘(th . {(pl’ 1 (g2, ;5 (s, 13 T_g}) ) = X—2—CF(KD1)I;($2))I;($3122 + )

(@3*@24»5](7, *1)7 (KDL 1)7 (@2, 1)7 (2+C7 §), (2+<7 §) . 2
X5\I}5( (227 z1), (p3, —1), (p2 —s, ]-)7 (1+¢ 9, (4+¢ 9) ' _2?) ' (38)
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1
If we take n =12, 6 =15, p =18, ¢c=k=1and x = 3 in Eq. (25) and Eq. (26), we obtain the
following two formulas:

Corollary 3. Let R(¢ + p+ o) > 0, R(ps) > R(p2) > s, R(z1) >0, R(z2) >0, x| < £. The left-sided
Saigo k-fractional derivative of the extended k-hypergeometric function is defined as follows

(1/3)""° T (ps) T (p2 — s)
[(p1) T (p2) I (3 — 02 + 5)

(ps —p2+s, —1), (01, 1), (92, 1), (¢, 6), (C+45,¢) .
5\I/5< (22, z1), (p3, =1), (p2—s, 1), (C+1.8,5), ((+1.5,¢)" (1/3) )

(ggf L5 1801z 22) f(6, 1), (o, 1) (3, 1); (CTg)}) (x) =

(39)

5. Conclusion

In conclusion, our study highlights the new extensions of k-fractional calculus formulae related to the k-
type extended hypergeometric function. We have successfully evaluated the Saigo k-fractional derivatives
and integrals. Additionally, we have considered several special cases involving k-Riemann-Liouville type
fractional calculus operators.
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